UNIVERSALITY OF THE BLOW-UP PROFILE FOR SMALL TYPE II 
BLOW-UP SOLUTIONS OF THE ENERGY-CRITICAL WAVE EQUATION: 

THE NON-RADIAL CASE 



THOMAS DUYCKAERTS 1 , CARLOS KENIG 2 , AND FRANK MERLE 3 

Abstract. Following our previous paper in the radial case, we consider type II blow-up so- 
lutions to the energy-critical focusing wave equation. Let W be the unique radial positive 
stationary solution of the equation. Up to the symmetries of the equation, under an appropri- 
ate smallness assumption, any type II blow-up solution is asymptotically a regular solution plus 
a rescaled Lorentz transform of W concentrating at the origin. 



1. Introduction 

Consider the focusing energy-critical wave equation on an interval I (0 € I) 

j d 2 u - Au - \u\^u = 0, (t,x)£lxR N 
[ u\t=o = M o€ H 1 , dtu\t=o = tii e L 2 , 



(1.1) 

[ 1^=0 = ' 

where u is real-valued, N E {3,4, 5}, L 2 = L 2 (R N ) and H 1 = H x ( 

The Cauchy problem (jl.ip is locally well-posed in H 1 x L 2 . This space is invariant under the 
scaling of the equation: if u is a solution to (jl.ip . A > and 



1 ft x 

A 2 



A' A 



then u\ is also a solution and ||^a(0)||^i = H^oll^i) ||^ u a(0)||l2 = 1 1 iti 1 1 x,a . 
The energy 

E{u{t),d t u{t)) = - (d t u(t,x)) 2 dx + - / \Vu(t,x)\ 2 dx- I \u(t,x)\^dx 

and the momentum 

/a t „(M)v»(M)<ix 

are independent of t and also invariant under the scaling. 

Let T + G (0, +oo] be the maximal positive time of definition for the solution u. The local 
well-posedness theory does not rule out type II blow-up, i.e. solutions such that T + < oo and 

(1.2) sup ||Mt)||| a + II V«(t) f L 2 <oo. 

te[o,T+) 
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Examples of radial type II blow-up solutions of (jl.ip were constructed in space dimension N = 3 
by Krieger, Schlag and Tataru [KST09] . Let 

(1-3) W = — , 



1 + 



N 2 



2 



iV(JV-2) / 

which is a stationary solution of (jl.ip . From |KM08j . if u is radial or iV = 3,4 and 

sup ||Vu(t)||| 3 + ||^«(t)||^ < \\VW\\ 2 L „ 

*6tO,T+) 

then T + = +oo and the solution scatters forward in time, and in particular does not blow up 
(see Corollary 11.51 below) . 

The threshold ||VW||^ 2 is sharp in space dimension 3. Indeed from |KST09| . for all tjq > 
there exists a radial type II blow-up solution such that 

(1.4) sup \\Vu(t)\\ 2 L2 + \\d tU (t)f L2 < || W||| 2 + m . 

te[o,T+) 

In our previous article |DKM09] . we considered type II blow-up solutions such that (|1.4p holds. 
Our main result was the following. 

If A 7 ^ = 3, there exists rjo > such that for any radial solution u of (jl.ip such that T + (u) = 
T + < oo that satisfies (jl.4p . there exist (vq,vi) G H 1 x L 2 , a sign lq G {±1}, and a smooth 
positive function X(t) on (0,T + ) such that lim t -5.T + r^-t = ^ an< ^' as * 

(u((),a t «(*)) - - (jjfaw fa) ,0) in A' X i». 

In this work we extend the above result to the non-radial case. To state our main result we need 
to recall the following family of solutions, obtained as Lorentz transformations of W: 

JV-2 

/, ^ ttti \ Tir fx!-U \ / (xi-^) 2 |xl 2 N 2 



.v 7 !^ 2 ' / V N(N -2){1- 1 2 ) N(N-2), 
where x = (X2, . . . , xjv) and — 1 < ^ < 1. Denote by e*i the unit vector (1, 0, . . . , 0) G M. N . Then: 

Theorem 1. Assume that N = 3 or N = 5 and Zei jjo > 6e a small parameter. Let u be a 
solution of (jl.ip suc/i £/iai T + = T + {u) < 00 and 

N — 2 

(1.6) limsup ||V«(*)||i 2 + — 5— ||$«(t)||£ a < WW\\l> + r? . 
i6[0,T+) 2 

Then, after a rotation and a translation of the space R , there exist (vq,vi) G i/ 1 x L 2 , a sign 
lq G {±1}, a small real parameter i and smooth functions x(t) G M. , X(t) > defined for 
t G (0, T+), stic/i i/iai 

W( ), ft „( ( ,)- (w ,„ -(^^(o,^),^( W ,)(o,^W)) ^0 

m iiZ 1 x L 2 and 

(1.7) lim = 0, lim = €ei, M < C^ /4 . 
v ; t^T+T+-t t^T+T + -t M ~ /0 
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Remark 1.1. Note that using Lorentz transform and a localization argument on the solutions 
of [KST09| . it is possible, for any £ G (— 1,+1), to construct a solution of (jl.ip satisfying the 
conclusion of Theorem [TJ 

Remark 1.2. The restriction to small dimensions in Theorem [TJ due to regularity issues on the 
local Cauchy problem for (jl.lj), can be removed (at least for odd dimensions) using harmonic 
analysis methods (see |BCL + 09j ). 

The restriction to odd dimensions is only coming from Proposition 12.71 on the behaviour of 
solutions to the linear wave equation. In dimension 4, our proof shows a weaker result, namely 
that there exist (after space rotation), a small parameter £ and sequences t n — > T+, X n — > + , 
x n G M 4 such 

(X n u(t n , \ n ■ +x n ), X 2 n d t u(t n , \ n ■ +x n )) ± (W e (p),dtW e (0)) , 

n— >oo 

weakly in H 1 x L 2 . 

Remark 1.3. The constant in front of ||9iu||| 2 in (jl.6p is necessary in nonradial situations 
(see also Corollary 11.51 below) . For radial data it can be replaced by any small positive constant 
(see Corollary 11.51 and Remark 14. 161 below) . 

One important ingredient of the proof of Theorem [1] is the classification of non-radial solutions 
that are compact up to modulation under an appropriate smallness assumption: 

Theorem 2. Assume N G {3,4,5}. Let u be a nonzero solution of (jl.lj) with maximal interval 
of definition I max such that there exists functions X(t), x(t) defined for t G / max such that 

(1.8) K= { (x(t)^- 1 u(t,X(t)x + x(t)),X(t)^ dtu(t, X(t)x + x(t)fj : t G I max } 
has compact closure in H 1 x l? . Assume furthermore 

(1.9) sup J \Vu(t)\ 2 < 2 I \VW\ 2 . 

max J J 

Then 

-^max — ^ and there exist £ G (—1,-1-1), a rotation 1Z ofM.^, Xq > 0, Xq G ffi^ and a sign 
lq G {±1} such that 

tn / t IZ(x) — Xn 

(1.10) U {t,x) = -^WA — 



\ ~ \Xq Xq 

A o 

Remark 1.4. The parameter £ and the rotation 1Z in (jl.lOp are given by the energy and the 
conserved momentum of u. Namely, under the asumptions of Theorem [21 E(uq,U\) > E(W,0), 
1-^1 = 1/ VttoUi | /E(uq,ui), and 

( , s lq f t x-X 
u{t, x) = -j^We — , — 



A 2 



Ar 



after a space rotation around the origin chosen so that 

(lid fei = -g™ 
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We next give a Corollary to Theorem [2 which corrects [KM08, Corollary 7.4] (stated without 
a proof in [KM08| ) for nonradial solutions. For N = 5, in the non-radial case, the solutions Wg 
for small I ^ give a counterexample to [KM08, Corollary 7.4], as can be seen using the first 
line of Claim [231 below. 



Corollary 1.5. Assume N £ {3,4,5}. Let u be a solution of (jl.ip which satisfies 



2 , N-2.. a ,^.. 2 



|VM(i)||£ 2 + ^— \\d t u 



< ||VW||^,. 



(1.12) limsup 

t-»T + (u) 

Then T+(u) = +oo and u scatters forward in time. If u is radial, (I1.12|) can be replaced by the 
following bound 

(1.13) limsup || Vu(*) || | 2 < ||VW||| 2 . 

t-»T + (u) 

A more general version of Corollary 11.51 is given in Corollary 14.141 below. 

Remark 1.6. Note that because of the variational estimate (|2.20p below, Corollary 11.51 is in fact 
a generalization of |KM081 Theorem 1.1, i)]. Note also that for N = 3, the statement is stronger 
than the one of jKM08j Corollary 7.4]. 

Let us also a give a correct version of the second statement in [KM081 Corollary 7.5]. 

Corollary 1.7. Let u be a solution of (jl.ip such that T + (u) < oo and 

lim sup \\Vu(t)\\ 2 L2 + ||d^(t)||| 2 < oo. 

i->T + (tt) 

Then there exist sequences x n € M 3 , t n — > T + (u) such that for all R, 

lim f ( \Vu(t n ,x)\ 2 + ^-^\d t u(t n ,x)\ 2 )dx> [ \VW\ 2 dx. 

n ^°° J\x-x n \<R V 2 / J 

Corollary 11.71 follows from the arguments in |DKM09| section 3] (see also the beginning of 
Section [3] below) and we will omit its proof. 

For more comments about results of the type of Theorem [TJ we refer to the introduction 
of |DKM09] . Theorem Q] is an analogue for the energy-critical wave equation of the result of 
[MR05| about the mass-critical nonlinear Schrodinger equation. We next list other previous 
related works that are also discussed in the introduction of [DKM09J : for works about nonlinear 
wave maps see e.g. [CTZ931 ISTZ971 [SEMI IStrM lESl IKST081 [ST09| IKSM1 [ RR|; for articles 
about classification of solutions for other equations we refer for example to |MM00l IMMOU 
IMM021 LMRMl ICF861 [MZn7l IMZ08j . 

Let us give a short sketch of the proof of Theorem [H This proof is based on a new strategy 
which allows us to treat the non-radial case, and also simplifies the proof of the radial case in 
[DKM09j . 

In a first step (see Subsection 13. ip , looking at a minimal element among the non-scattering 
profiles associated to sequences (u(t' n ) , dtu(t' n )) (where t' n — > T + ), we get a sequence t n — > T + 
such that for some parameters A n , x n , 

( £-1 s. \ 
(1-14) Xn u(t n , X n ■ +x n ), A„ 2 d t u(t n , X n • +x n ) ^ (U , Ui) , 

weakly in H 1 x L 2 , where the solution U of (jl.ip with initial condition (Uq, U±) is compact up 
to the symmetries of (jl.ip . as in Theorem (2) 
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The second step of the proof of Theorem [T] is Theorem [2j which implies that U must be Wg up 
to the symmetries. The proof of Theorem [2 postponed to Section U is a refinement of the proof 
of its radial analogue (see |DKM09j ) , which was based on techniques developped in |DM08j . To 
treat the non-radial case we introduce new monotonic quantities which are non-symmetric in 
the space variables. We also prove in §4.21 a more general version of Corollary 11.51 which is also 
needed in Section [3j Let us mention that Section U] is independent of Section O 

In a third step of the proof (see Subsections 13.31 and I3.4p , we show that the weak convergence 
(|1.14p is indeed a strong convergence in {|x| < T + — t n }. It is here that Proposition 12.71 on the 
behavior of solutions to the linear wave equation is used. We then conclude using the minimality 
of the profile associated to t n that this strong convergence also holds for all times as t — > T+. 

In addition to the parts of the paper mentioned above, Section [2] is devoted to some pre- 
liminaries about the Cauchy problem, profile decomposition, the solution Wg, and Proposition 
12.71 on the localization of the solutions to the linear wave equation. The appendix concerns 
modulation theory around Wg. 

Notations. In all the paper, we assume N G {3, 4, 5} unless otherwise mentioned. We write 
a < b or a = 0(b) when the two positive quantities a and b satisfy a < Cb for some large 
constant C > 0, and a « b when a < b and b < a. We also use the notation a = o(b) when a/b 
goes to 0. 

Acknowledgment. The authors would like to thank the referee for helpful comments and 
suggestions. 



2. Preliminaries 



2.1. Cauchy problem. The Cauchy problem for equation (jl.ip was developped in |Pec84j 
ICSV921 ILSM1 ISSM ISS981 |Sog95t |Kap94l - If / is an interval, we denote by 



S(I) = (J x ]R^) ; w(I) = (/ 



2(JV+1) 



Let S L (i) be the one-parameter group associated to the linear wave equation. By definition, if 
(vo,v±) G H 1 x L 2 and teR, v(t) = S L (t)(vo,vi) is the solution of 



(2.1) 
(2.2) 

We have 



dfv - Av = 0, 
>\t=o = v , d t vi t=0 = v 1 . 



S h (t)(v , v\) = cos(tV-A)v + — sin^V-A)^. 

y— A 



By Strichartz and Sobolev estimates, 



(2.3) 



+ 



D l J\ 



+ 



< c s (ll^olljji + II^iIIl 2 ) • 



A solution of (jl.ip on an interval /, where G /, is a function u G C°(I, H 1 ) such that 
9^GC°(/,L 2 ), 



(2.4) 



J ml 



\S(J) 



+ 



W 1 ' 2 



U \\W{J) + 



W(J) 



< oo 
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satisfying the Duhamel formulation 

(2.5) u(t) = S L (t)(u , Ul ) + J f^_^55> (\ u ( s )\^u(sf) ds. 

We recall that for any initial condition (uo,ui) G H 1 x L 2 , there is an unique solution u, defined 
on a maximal interval of definition / max (tt) = (T_(it), T+(u)). Furthermore, u satisfies the 
blow-up criterion 

(2.6) T + (u) < oo =>• ||«||s(o,T + (tt)) = +oo- 

As a consequence, if ||w||s(o,t + ) < 00 > then T + = +oo. Furthermore in this case, the solution 
scatters forward in time in H 1 x L 2 : there exists a solution v of the linear equation (|2. 1 1) such 
that 

lim ||u(t) - v(t)\\ Al + \\d t u(t) - d t v(t)\\ L 2 = 0. 

t— >+oo 

Of course an analoguous statement holds backward in time also. 

If ||S r ,( , )(uo,t(i)|| j g(n = 5 < 6i, for some small 8±, then u is globally defined and close to the lin- 

1/2 

ear solution with initial condition (tto, u\) in the following sense: if A = D x ' S L (-)(uo, u\ t 
we have 



W(i) 



(2.7) ||n(-)-S L (-)K^i)|| S (7) 

+ sup (\\u(t) - S L (t)(u ,iii)||Hi + \\9Mt) - d t (S L (t)(u , Ul ))\\ L2 ) < CA5n^, 
tei 

(see for example |KM08| . proof of Theorem 2.7). 

We next recall the profile decomposition of H. Bahouri and P. Gerard |BG99j . This paper 
is written in space dimension N = 3 but the results stated below hold in all dimension N > 3 
(see |Bul09] ). See also [BC85] and [Lio85] for the elliptic case and |MV98j for the Schrodinger 
equation. 

Consider a sequence (v$ tm fi,n)n which is bounded in H 1 x L 2 . Let (Ul)j>\ be a sequence of 
solutions of the linear equation (|2.ip . with initial data (Uq, U() G H 1 x L 2 , and (Aj jn ; ij,n) G 
(0, +oo) x M. N x R, j > 1, n G N, be a family of parameters satisfying the pseudo-orthogonality 
relation 

(2.8) j / k => hm + — + '■ 1 ^— ^- = +oo. 

n->oo Afc jft Aj in Ajf n Aj )Tl 

We say that («o,n) w l,n)n admits a profile decomposition .j {^j,n\ x j,n\tj,n}j n when 

«d,»(x) = £ ( + <„(*), 

\ . 2 \ A j,n *j,n J 



(2.9) 



with 



- 1 \,n 



\ .2 \ Aj )71 Aj 5 n / 



=1 A /n 



(2.10) ^hm^lhnsup IK)^ = 0, 
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where is the solution of (|2.ip with initial conditions (wq n , w\ n ). Then: 

Proposition 2.1 ( [BG991 lBul09]). If the sequence (wo,n. 5 v i.n)n is bounded in the energy space 
H 1 x I? , there always exists a subsequence of («o,n, vi,n)n which admits a profile decomposition. 
Furthermore, 



(2.11) 



3<J 



\ n W n {tj,m x j,n + ^j,n,y) , ^j n &t w n (J>j,ni x j,n + ^j,nll) 



j 



-t 



j. a 



weakly in Hy x I? y , and the following Pythagorean expansions hold for all J > 1 

J 

(2.12) lhnJ| 2 ^=y 
(2.13) 



A 



i=i 

(2.14) E{v ,n,V 1 ,n)=Y, E ( U l 

3=1 ^ 



dtUl 



j-ii 
t 



j-ii 



A 



m 

2 



+ \\ w 



J 11^ 
l,n\\ L 2 



+ O n (l) 



A 



+ +o n (l). 



Notation 2.2. Consider a profile decomposition with profiles £/l and parameters {^j,n]tj,ni x j,n}i 
and assume after extraction of a subsequence that tj n /Xj >n has a limit in K U {— oo, +oo}. We 

will denote by { } the nondinear profiles associated with \U[, | A tj> | ^ , which are the unique 
solutions of (jl.ip such that for large n, A <J '" S 



lim 

n— »+oo 



A 



A 



+ 



tf 1 



U 3 ) and 



A 



0. 



L 2 



The proof of the existence of U 3 follows from the local existence for (jl.ip if this limit is finite, 
and from the existence of wave operators for equation (jl.ip if tj jn /Xj tn tends to ±oo. 

By the Strichartz inequalities on the linear problem and the small data Cauchy theory, if 
lmin^+oo , tjl " = +oo, then T + (U 3 ) = +oo and 



(2.15) 



s >T-(W)==>\\W\\ S{s0t+oo) <oo, 



an analoguous statement holds in the case lim n _ >+00 = +oo. 

We will need the following approximation result, which follows from a long time perturbation 
theory result for (II. ip and is an adaptation to the focusing case of the result of Bahouri-Gerard 
(see the Main Theorem p. 135 in [BG99J). We refer for |BG99] for the proof in the defocusing 
case and [DKM09, Proposition 2.8] for a sketch of proof. 

Proposition 2.3. Let {(vo :Tl , t>i jn )}n be a bounded sequence in H 1 x L 2 , which admits the profile 
decomposition (|2.9p . Let 6 n 6 (0,+oo). Assume 



(2.16) 



Vj > 1, Vn, 



'n "3,n 



<T + (U 3 ) and lim sup \\U ] \\ i 



< oo. 
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Let u n be the solution of (jl.ip with initial data (vo >n , ui, n ) • Then for large n, u n is defined on 

[o,o n ), 

(2.17) limsup||u n ,|| 5(o>0n) < oo, 

n— >+oo 

and 



(2.18) Vte [OA), u n (t,x) = Y.-EH W f t _^Il i ^iA +w J( t ,x) + ri(t,x), 

j =1 \ . 2 V A j,n *j,n J 



3,n 



where 



(2.19) lim limsup 



I^||s ( oaO + SU P (\\^(t)\\^ + \\dtr^(t)\\^] 
te(o,0«) 



^4n analoguous statement holds if 9 n < 0. 

2.2. Elliptic properties of the stationary solution and the solitary wave. We first recall 
a variational claim from [KM08]: 



Claim 2.4. Let v £ H 1 . Then 
(2.20) 



\VW\ 12 



\\Vvf L2 < ||W||| 2 and E(v,0) < E(W,0) \\Vvf L2 < ^| £(«,0) = A^M). 
Furthermore, there is a constant c > suc/i t/iat if for some small e > 0, e < ||Vu||? 2 < 

JV-2 

atti) 2 II VW|||a -e, t/ien S(u,0) > ce. 
Proof. The first part of the Claim is shown in |KM08j . For the second part, write 



1 /■,_ „ N-2 r, . 1 /■,_ , 2 N-2„& f f^j2\^ 



E(v,0) = - / ivur / \v\^ > - / IVur cz~ 2 / |Vu 

v ' y 2 y 1 1 2N J 1 1 ~ 2 y 1 1 2iV ^ 

where Cat = (/ |VV^| 2 ) 1 ^ is the best constant in the Sobolev inequality ||v||_zn_ < Cjv|| V^IU 2 - 
Let y = J |Vt>| 2 . Then 

1 N-2 n 
E(v,0) >-y- -^r-Cg-'y** = f(y). 

The equation f(y) = has two solutions, y = and y* = ( ) / | VVK| 2 , and the statement 
follows from the fact that /'(0) ^ and f'(y*) / 0. □ 

In the following, we will consider the solitary wave solutions of (jl.ip , which are obtained from 
W by a Lorentz transform 



, xi-te \ ( (x\- tiy \x 
w e (t,x) = w[ I — - ,x) = 1+ Ar ,; r ' , 9 , + 



N^2 
Ts\l \ 2 



.v 7 !^ 2 "' / V iV(iV-2)(l -^ 2 ) N(N-2) 
where £ G (— 1, 1). We have: 
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Claim 2.5. 

Vi, 



VW e (t)\ 2 

vt, 



iV + (1 - A^ 2 
|V^(t)| 2 + 



iV 



|VVF 
2 



and 



(cWW) 5 



/ 



E(We(0),dtW t (0)) 

vw e (o)d t Wt(o) 



(d t W e (t)) 2 2 
1 



t 1 



iVyT 

|VPF| 2 



IVWI 



=-E(W,0) 



S(W,0)gl = -^(Wi(0),^Wi(0))gi. 



Sketch of proof. All statements follow from explicit computations. To get the second line, notice 
that by the first line, 



|VWi(t)| 2 + 



N 



(d t W e (t)) 2 

and use the standard inequality y/l — x < 1 — \x — |x 2 for < x < 1. 



1 



1 - VT 



1 



IVWI 



□ 



We next state an uniqueness result for an asymmetric elliptic equation: 
Lemma 2.6. Let f G H 1 (R N ) \ {0} and lei. Assume 



N 



(i-e 2 )d 2 x j + ^2d 2 Xj f + \f\—f = o, 

J |V/| 2 <2 J \VW\ 2 . 
Then £ 2 < 1 and i/iere exist A > 0, le M and a sign ± suc/i i/iai 



(2.21) 

and 
(2.22) 



/C*0 



1 



At- 1 



x- X 



A 



Proof. Case 1=1. In this case / solves the equation A x f+\f\ N ~ 2 f = 0, where x = (x2, ■ ■ ■ , xjv) 
and we have (for almost every x{) that /(xi, . . .) G H 1 (K^ -1 ) , f(xi, ...) G L 2 * (IR^ -1 ), 2* = 
jf^- Fix such an x\ and let F(x2, ... ,xn) = f( x i, x 2, ■ ■ ■ ,%n)- We will show that F = 0, using 
the Pohozaev identity in dimension N — 1. 

Until the end of this step we write x = (a?2, ■ • • j x n) an d n = N — 1 to simplify notation. By 
elliptic regularity F G C 2 (R n ). Furthermore, 

2 F dF 

div (x|VF| 2 ) = n|VF| 2 + 2^x;- 



1,3 



' dxidxj dxj ' 



and 



2 div ((x • VF)VF) = 2(x • VF) AF + 2V(x • VF) • VF 



4 <9 2 F BF 

-2(x- VF)|F|~F + 2^x ^ - - + 2|VF| 2 



' dxidxj dxj 
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Hence 

div (x|VF| 2 ) -2div((x- VF)VF) = (n - 2)|VF| 2 + 2x • V ■ 

Let <p £ C^(R n ), such that <p(x) = 1 if \x\ < 1 and </?(x) = if \x\ > 2. Let (f R (x) = <p(x/R). 
Then 

div (xip R \VF\ 2 ) - 2 div ((x • VF)VF<p R ) 

= (n- 2) m \VF\ 2 + 2<p R x ■ V + x ■ V^ R |VF| 2 - 2(VF • V<p R )(x ■ VF). 

Next, 

/ | F |2*\ | F |2* | F |2* /| F |2* 

2 div I x^fl-gT" I = 2x • V(fR—^- + 2n^ R ---— + 2ip R x ■ V I 

Thus, 

/|F| 2 *\ / |F| 2 *\ IFI 2 * \F\ 2 * 
2(p R x ■ V — — = 2 div xip R — — - 2x • V^r— 2n^ 



2* j 2 * r " 2* 

Note that \x\ \V<pr\ is bounded independently of i?, and when we integrate in x, the correspond- 
ing terms go to as R — > +oo by our assumption on /. When we integrate the divergence terms 
we get 0. Thus, we conclude 



(n-2)||VF| 2 = |||F| 



2* 



If n = 2 we deduce that F = 0. Otherwise, using Hardy's inequality and a cut-off, and 

4 

multiplying the equation AF + \F\ n-^F = by F, we see that J |VF| 2 = f \F\ 2 , so that 



(£-,„-*))/ 1*1*= a, 



which gives again F = 0. We have shown that f(x\,-) = for almost every xi, which shows 
that / = 0, contradicting our assumption on /. 

Case i 2 > 1. Assume for example £ > 1. Consider the function 

u(t, x) = f(xi + it, X2,..., xn), 

which solves (jl.ip for all time. Note that Vu(0,x) = V/(x) and that dtu(0,x) = id Xl f(x), so 
this is a global in time solution to (jl.ip in the energy space. Let e > be given. Find M so 
large that 

f|Vu(0,x)| 2 + (d t u(0,x)) 2 + '^'f H dx < e. 

|x|>a/ V Fr / 

By Proposition 2.17 in |KM08j . we have for all t 

[ (|V x u(t,x)| 2 + \d t u{t,x)\ 2 ) dx < Ce. 

J\x\>'±M+\t\ 

Let K be a compact set in (x2, . . . , xtv) and a < b. If t > is large, then 

xi G (a — £i, b — it) and (x2, . . . ,xn) € K =>• |x| > it — A, 
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where A is a fixed constant depending on K and (a, b). Pick t so large that it > |M + i + j4, 
which is possible since £ > 1. Then 



\ I \Vu(t,x)\ 2 dx <Ce 



while Va;u(t, x) = V f(x\ + £t,X2, ■ ■ ■ ,xn), so the integral equals j K J |V/(x)| 2 , which shows, 
since e > is arbitrary, that / = 0, contradicting again our assumptions. 

Case i 2 < 1. Let 

g(x) = f U/l-£ 2 x 1 ,x 2 , ■■■ , x N ^ . 
Note that / \X7g\ 2 < / | V/| 2 < 2 J \X7W\ 2 . Moreover, by $2~2T\i 

Ag+\g\^2g = 0. 
By elliptic estimates, one gets that g is C 2 . Define 

= max(s-,0), g- = -mm(g,0) = g - g + . 
Then by Kato's inequality, in the sense of distribution, 

Aff+ + \g+\^g + > 0. 



As a consequence 

(2.23) J \Vg + \ 2 < J 
Similarly 

(2.24) J \V 9 - 
Using that 



!J+ 



2N 
N-2 



,9 / , i 2N 

< / 0_ \N-3 



J \Vg + \ 2 + J |V<?_| 2 = j \Vg\ 2 <2 f \VW\ 



we get that J |Vg-i-| 2 < / |VW| 2 for at least one of the signs + or — . To fix ideas, assume that 
it is — . The bound (|2.24p and Sobolev inequality implies that g_ = 0. Indeed, 



2N N 
2N / W N ~ 2 if. ,r,\ N ~ 2 



\Vg-\ 2 < / \gA^~ 2 < — J — — ( / \Vg 

J (f\vw\ 2 )~^ 

2N 2N _ 

Using that by the equation AW = — W N ~ 2 , J W N ~ 2 = J \ VW\ , we get that g_ = or 
f |VH^| 2 < f |Vg_| 2 , and the second possibility is ruled out by our assumption on 
This shows that g = g + is a nonnegative solution of 

Ag + \g\-7r=2g = 0, 
and by |GNN81j . there exist A > 0, X £ R N such that 

f \ 1 wf x ~ X 
9{X) = ^ W {— 
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Coming back to /, we get 



l^w ( Xl ~ Xl X2 ~ X2 x »- x » \ = J^ W , ( o. Ez£^ 

□ 



ff x ) = -^W \ L , ^— ^, . . . , JV x " = -=-fWt o, 



2.3. Linear behaviour. 

Proposition 2.7. Assume that N > 3 is odd. Let u G H 1 (R N ), u x G L 2 (M Ar ) and u L 6e tfie 
solution to 

(2.25) d t V - Au L = 

(2.26) u^ =0 = uq, d t u\ t=0 = ui. 
Then one of the following holds 

(2.27) Vt>0, y (jVu L (i,:c)| 2 + (d t u L (t, x)) 2 ^j dx > (\Vu (x)\ 2 + ui(x) 2 ) dx 
or 

(2.28) Vi<0, J (\Vu L (t,x)\ 2 + (d t u h (t,x)) 2 ^Jdx> (\Vu {x)\ 2 + Ul {x) 2 ^j dx. 

Recall that 5 L|>u| (\Vu L (t,x)\ 2 + (d t u L (t,x)) 2 ) dx is a non-increasing function of t for t > 
and a non-decreasing function of t for t < (see e.g. [SS98|. p. 12]). Thus the following limits 



exist: 



E^ o (u ,u 1 ) = lim \ I (\Vu L (t,x)\ 2 + (d t u L (t,x)) 2 )dx. 



'N>l*l 

Then Proposition 12. 71 will be a consequence of the following proposition: 



Proposition 2.8. Let u L be as in Proposition 2.1. Then 



E^(u ,u 1 ) + E°t(u ,u 1 ) = ± j \Vu \ 2 dx + ± 



u\ dx. 



We next prove Proposition 12.81 First note that we can assume by density that 

(2.29) (u , Ul )eC^(R N ), 
and then by scaling that 

(2.30) supp(u ,iii) C {\x\ < 1}. 

Let us reduce the problem further, assuming (|2.29p and ()2.30p . Let z\ (respectively z<i) be the 
solution to (|2.25p with initial condition (uo,0) (respectively (0,iti)). Then 

zi(-t) = zi(t), z 2 {-t) = -z 2 {t). 

We deduce 

/ Vz\(t, x) ■ Vz 2 (t, x) dx + / Vzi(— t, x) ■ Vz 2 (— t, x) dx = 

7|x|>|t| y|x|>i*i 

and similarly 



d t zi(t,x)d t z 2 (t,x) dx + / d t zi(— t, x)d t Z2(— t, x)dx = 
M>l*l -/|*l>|t| 
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Developping the equality u L = z\ + z 2 we get, for t > 0, 

I [ (\Vu\t,x)\ 2 + (d t u L (t,x)) 2 )dx + l [ (\Vu h (-t,x)\ 2 + (d t u L (-t,x)f) dx 

1 J\x\>t V J I J\x\>t V ' 

(\V Zl (t,x)\ 2 + (d tZl (t,x)) 2 )dx+ [ (\Vz 2 (t,x)\ 2 + (d t z 2 (t,x)) 2 )dx, 

\x\>t J\x\>t 

and thus, letting t — > +oo, 

Kti^u^ + E^^m) = 2E°g o (u ,0) + 2E°* o (0,u 1 ). 
The conclusion of Proposition 12.81 will then follow from the Lemma: 
Lemma 2.9. Let (u ,u{) G ^(R-^) mtt supp(u ,ui) C {|x| < 1}. Then 

E^(u ,0) = Ett(u ,0) = \f |Vn | 2 

We need a preliminary calculus lemma: 
Lemma 2.10. Let f G C^(R N ), t > ft large), uj G toitt |w | = 1 s G (0, 1). T/ien 

(2.31) / /({t + s^coo + tuj^^duj 

= / /(-(*- soVo + tw)^- 1 d w + O (-\ , 

^-^{iw-woi^f} w 

where O is uniform in coq, sq. 

Proof. We do an expansion of the left hand side of (|2.3ip . by chosing coordinates so that 
the origin is so^o an( A ujq = = (0,... ,0,1). Then the set (t + so)^o + toj, where u G 
gN-i p| || w _|_ Wq | < |} i s the set of (y\, . . . , yjv) (in the new coordinates) so that 

VN=t - ^t 2 -y 2 - ...-y 2 N ^ and y / ' y\ + . . . + y% < 2. 

In particular in this set, \un\ < t- Using these coordinates to express the surface integral and 
replacing by y^ = 0, asymptotically, and doing the corresponding argument for the integral on 
the right hand side, we obtain the desired result. □ 

It remains to prove Lemma 12.91 to conclude the proof of Proposition 12.81 

Proof of Lemma \2.9l We prove the first statement, the proof of the second one is similar. By a 
well-known formula (see [SS981 p. 43] for instance), the solution z to (|2.25p with data (uo,0) is 
given by 

AT -3 

(2.32) z ^ Xq ) = A n ^(jj) (t N ~ 2 J uo(x +tu)dJ\, 

where An is a constant depending on N. Recalling that uo G {{\x\ < 1}), we get (by the 
Huygens principle) that supp z(t, xq) C {t — 1 < \xq\ < i + l}. For (t, xq) in the support of z, 
write xq = (t + sq)ujq, \ujq\ = 1 and —1 < Sq < 1- From the condition on the support of uq, 
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we get that the preceding surface integrals take place on \u + ojq\ < |, and thus the surface of 
integration is lesser than C'/t 1 ^^ 1 for large t. From (12.32p . we get the bound |(Vz, dtz)\ < ^-i ; 

for large t, and from the condition \uj + ojq\ <2/t, 



(2.33) V Xo z(t,x ) = ANt^ J V ((w • V)^^) Oo + tu)du + (t" 1 ^ 

JV-l f JV+1 / N+l \ 

(2.34) d t z(t,x ) = A N t~ (L0 -V)~u (x + tuj)duj + O[t ~j, 



where 

(w • V) m u = u n • • • UJ irndx n ■ ■ ■ d Xjm u . 

je{i,...,N} m 

(See also jChr861 lKla86] .) By Lemma E3U1 if < s < 1, 

V x z(t, (t + s )u>o) = (-l)^V^(i, (t - a )(-u )) + O (*~^) 
$*(t, (t + s )u>o) = (-l)^d t z(t, (t - a )(-uo)) + O (t - ^) ■ 
Integrating, we get, for some constant Cat, 

\V x z(t,x )\ 2 dx = C N I I \V x z(t,(t + s )u} )\ 2 (t + s ) N ~ l ds du} 

t<\x \<l+t Jo<s <i Js 1 *- 1 

= C N t N ~ 1 f [ \V x z{t,{t + s )io )\ 2 ds Q duj + O (\ ) 

J0<s <l JS"- 1 \tj 

= C N t N ~ l [ [ \V x z(t,(t + s )ujo)\ 2 ds duo + 0[-] 

J-l<s <0 JSX- 1 \t J 

= [ [ \V x z(t,x )\ 2 dx + O (\ 

Jt-l<\x \<t Js"- 1 V* 

Arguing similarly for dfZ, we then obtain 

/ \V x z(t,x )\ 2 dx + / \d t z(t,x )\ 2 dx 

Jt-i<\x \<t Jt-K\x \<t 

= \V x z(t,x )\ 2 dx + I \d t z(t,x )\ 2 dx + O ( - 

Jt<\x \<l+t Jt<\x \<l+t V* 

Letting t — > +oo and using the conservation of the energy | f \Vuo\ 2 of z, we get 

\ J \Vuol 2 - E™1 = Elt, 

which concludes the proof of the first statement of the lemma. □ 

2.4. A few identities. We conclude this section by gathering some useful identities for solutions 
of (jl.ip . which follow from straightforward integration by parts. We define the density of energy 
by 

1 o 1 niV-2 2JV 

(2.35) e(u)(t,x) = -\Vu(t,x)\ 2 + -(d t u(t,x)) 2 - _^|«|^. 
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Claim 2.11. Let u be a solution of ([13]) . k G {l,...,iV}, 93 G C^Rt x R^,R) and $ G 
C 1 (]Rj x M.x,M. N ), both compactly supported in the space variable. Then: 

(2.36) ^jipud t u = J {{d t uf -\Vu\ 2 + \u\^^jip- J uVu-Vip + J ud t ud t ip 

(2.37) j t J <pd Xk ud t u = I J {-(d t uf + \\7u\ 2 - ^l\ u \^\ d Xk ^ 

d Xk ud Xj ud Xj tp+ / d Xk ud t ud t (f 
j=i J J 

(2.38) j t j $-Vud t u=^ J ^-(d t u) 2 + \Vu\ 2 - ^2\ U \^J div<I> 

N „ N r 

- ^ / d Xk ud Xj ud Xj $ k + ^ / d Xk ud t ud t ^ k 
3,k=l k=l 

(2.39) <pe(u) = -J Vif-Vud t u + J d t ipe(u), 

where, <3? = ($1, . . . , $j\r), div <]? = dx k ^k and all the integrals are taken over ~R N with respect 
to the measure dx. 

Claim 2.12. Let u be a solution of (jl.ip which has compact support in x. Then 

(2.40) ^-jud t u = j {{d t u) 2 - \Vu\ 2 + 

(2-41) j t j x k d Xk ud t u= l - j ^-(d t u) 2 + \Vu\ 2 -^^\u\^ -j\d Xk u) 2 

(2.42) ± [ x . VudtU = -K j {dtU f + H_l(j\ Vu \^\ u \^ 



(2.43) — j xe(u) = - j Vud t u 



d 2 f 9 4 /". „ 4(iV-l) /" x9 4iV , 

3. Universality of the blow-up profile 

In this section we assume Theorem [2] and Corollary 14.141 and prove Theorem [1] We assume 
N G {3, 4, 5} in 333] and g321 and JV G {3, 5} in gland g33J Let u be a solution of (33]) that 
blows up in finite time and which satisfies (jl.6p . To simplify notations we will assume 

T+ = l. 

From [DKM09] . there exists a non-empty finite set S C R , called the set of singular points, 
such that the solution (u,d t u) has a strong limit in Hl oc (R N \ S) x L^ oc (R Ar \ S 1 ) as i — )• 1. 
Furthermore, adapting the proof of [DKM09, Prop 3.9] in view of Corollary II. 5 1 we get 

r at _ o r 

VmG5,Ve>0, Urn sup / \Vu(t)\ 2 + ——\d t u(t)\ 2 > \VW\ 2 . 

./|x-m|<e 2 J 
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By (|1.6p . there can be only one singular point. We will assume that this singular point is 0. 
Denote by (vq,vi) the weak limit, as t — > 1 of (u(t),dtu) in H 1 x L 2 . Note that this limit is 
strong away from x = 0. Let v be the solution of (|l.lj) such that (v,dtv)\t=i = (vo,vi). Let 

a(t, x) = u(t, x) — v(t, x). 

By finite speed of propagation 

suppa C { (t, x) G (T_ , 1) x W N : \x\<l-t}. 
Recall also that the following limits exist: 

(3.1) E = Jim E(a(t),d t a(t)) = E(u , «i) - E(«o, «i) 

(3.2) do = li m / Va(t)dta(t) = / Vuotii — / VvqV\. 

t^ 1 JRJV Jrn J r n 

3.1. Compactness of a minimal element. We define the set of Zarge profiles A C i/ 1 x L 2 
as follows: (Uo, U\) is in A if and only if the following conditions are both satisfied 

(a) there exist sequences {t„}„, {x„}„, {A n } n , with t n £ (0,1), t n ->■ 1, z n G A n G 
(0, +oo) such that 

A„ 2 a(t n , X n x + x n ), A n 2 9to(t n , X n x + x n ) ^ (U , Ui) 

J n— >oo 

weakly in H 1 x I?. 

(b) the solution U of (jl.ip with initial condition (Uo,Ui) does not scatter in either time 
direction, that is 

\\U\\ 2(JV+1) = ||Z7|| 2(JV+1) = oo. 

L n~2 ( ,T+) L n-2 (T-,0) 

Let us prove: 

Proposition 3.1. Let u be as in Theorem^ There exists (Vq,V\) G A which is minimal for 
the energy, that is 

V(U ,Ui) G A, E(V ,Vi) < E(U ,Ui). 
Moreover, the solution V of (jl.ip with initial condition (Vo,Vi) is compact up to modulation. 

Proof. Step 1. Let us show that A is not empty. Indeed, we will show that for any sequence 
{t n }n G (0, 1) N such that t n — > 1, there exists a subsequence of {t n } and sequences {A n }, {x n } 
such that 

A„ 2 a(t n , \ n x + x n ), A n 2 d t a(t n , X n x + x n ) ^ (U , Z7i) G A. 



Extracting subsequences if necessary, we may assume that the sequence (a(t n ) , dta{t n )) has a 
profile decomposition jf/^ j , {Xj tn ;Xj tn ; %,n} j n - Consider the nonlinear profiles CP associated 

to this profile decomposition. We will show that exactly one of these nonlinear profiles does not 
scatter in any of the time directions, and that all others scatter in both time directions. 
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We can write the profile decomposition 

J 1 

U(t n , x) = V(t n , X) + ^ "Hv^a u l 



7 = 1 A 



Xj >n 



u{t n , x) = d tn v(t n , x) + J2 ^rdtUl 

, \ 2 V Aj n Aj n 



+ Wl n {x), 



and consider it as a profile decomposition for the sequence (u(t n ) , dtu(t n )) , where (v(t n ), dtv(t n )) 
is (up to an error which is o(l) in i^T 1 x L 2 ) interpreted as a profile U® with initial data (vo,vi) 
and parameters Ao, n = 1, io,n = 0, £o,n = 0. Note that as Xj >n — > for all j > 1, the sequence 
of parameters { Ao,n, to,n, 2; 0,n} n is pseudo-orthogonal to all sequences {Xj,n>tj,m x j,n} j J > 1 hi 
the sense given by (|2.8[) . 

By Proposition 12.31 if a U nonlinear profiles scatter forward in time, then u must scatter 
forward in time, a contradiction. Fix n and let 

T n = mm(\j, n T + (U j ) + L n ), 
i>i 

where the minimum is taken over all j such that T+(U J ) is finite. Consider the quantity 
F n (t) = max 





u j ( 







x 



X 



.1-11 



2(iV+l) 

t€[o,r B ). 



A 



The fact that at least one of the profiles does not scatter forward in time shows that F n (t) — > +oo 
as t — > T n . Thus there exists a time r n G (0, T n ) such that 



(3-3) F n (T n ) = C|| VH /||2 

where the constant C||vw|| 2 2 -?jo is given by Corollary 14.141 By (|3.3|) and Proposition 12.31 tn + 
r n < 1 for large n. Reordering the profiles, assume that the max in the definition of F n (T n ) is 
attained for j = 1. By the definition of C[|x7W|| 2 2 ^ ' there exists s n E [0,r n ] such that 



W 1 



A 



1,TJ 



+ 



TV 



L 2 



dtU 1 



1 / a n 



A 



> ||VW||2,2 - 2rj . 



By Pythagorean expansion and the bound 
large n 

2 



Xj.n 



+ 



N -2 



, all the nonlinear profiles U 3 , j > 2, satisfy, for 

2 



L- 



A 



< 3t7q. 



L 2 



Chosing r/o small, we get by the small data theory that for j > 2, U 3 scatters in both time 
directions and satisfies 

Vt G E, ||VtP (i)||^ + \\d t u j (t)\\ 2 L2 < Cnw, 

for some constant CV > depending only on N. We next show that U 1 does not scatter either 
forward or backward in time. Indeed if U 1 scatters forward in time, then by Proposition 12.31 u 
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scatters forward in time, a contradiction. On the other hand, if U 1 scatters backward in time, 
we can use Proposition 12.31 again and the orthogonality of the parameters to show that 

2(iV+l) ^L^ /— *J,»Aj,n f . 2(JV+1) ftn r 2(JV+1) 





f 2(JV+1) 


/ j 


\u J \ N ~ 2 


' (tj,n~\~tn)/^j,n 





u\^^dxdt = Y J / / \U j \ N ~ 2 dxdt + / / \w%\ N ~ 2 dxdt + o{l) 



1 2(iV+l) 

as n — > oo, and thus J J KJV |u| N ~ 2 is finite, a contradiction with the fact that the maximal 
time of existence of u is 1. This concludes the proof that U 1 does not scatter in any time 
direction. As a consequence, — ti, n /\\ tn is bounded and we can assume (time translating the 
profile U 1 and passing to a subsequence if necessary): 

ti, n = 0. 

Thus the nonlinear profile U 1 is exactly the solution of (jl.ip with initial conditions (Uq,UI) 
and it does not scatter in either time direction. By the definition of U , 

Ai 2 n a(t n , Xi iH x + x\ n ), \£ d t a(t n , \i, n x + x ln ) ^ (Uq, U{) 

' ' / n— >oo 

weakly in H 1 x L 2 , which shows that (Uq, U\) € A, concluding Step 1. 

Step 2. In this step we show that there exists (Vo, V\) £ A with minimal energy. We first note 
that by Claim 12.41 the energy of any element of A is non-negative, so that 

E min = inf {E(U , Ui), (U , U{) G A) 

is a non-negative number. 

Note that any element of A is the only non-scattering profile of a profile decomposition as 
in Step 1. This shows by the Proposition 12.31 and Pythagorean expansion that the bound (jl.6j) 
extends to A. More precisely 

(3.4) (U ,Ui)€A=> sup \\VU(t)\\h + ^r^\\dtU(t)\\h < f\VW\ 2 + m , 

tei„^{u) 1 J 

where U is the solution of (jl.ip with initial data (Uq, U\). 

Consider a sequence {(Uo >n , f/i, n )} of elements of A such that 

lim E (Uo.n, U\ n ) = -Emiri- 

n— yoo 

After extracting subsequences, one can consider a profile decomposition: 

J 



ET/j / tj,™ 

i=i A/ B V - 

(3.6) ^(x) = x; 4- 0^) ( + 

J j,n 



For all j we denote by V 3 the nonlinear profile associated to V? ' , i — 4^- f • By the definition of 

.A, the solution U n of (jl.ip with initial data (Uo <n , Ui >n ) does not scatter in either time direction 
and satisfies the bound (|3.4p , A similar argument to Step 1 shows that there exists only one 
profile, say V , which does not scatter in either time direction, that we can assume t\^ n = for 
all n, and that all other profiles V 3 , j > 2, scatter in both time directions. 
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To simplify notations, denote 

V = V\ V = V L 1 (0), V 1 = d t V*(0). 

In particular 

(3.7) ( \ * n U 0>n (X 1>n x + x 1>n ), \* n U 1>n (\ ltn x + xi :n ) J — -» (V , V{). 

For all n, as (U Q , n , C7i )Tl ) is in A, there exists sequences {^k,n} k , {Uk,n} k , { T k,n} k such that 

Tk,n G (0, 1), lim r fejn = 1 

k— >oo 

and 

/ w_ 1 jv \ 

( 3 - 8 ) Vkn a ( T k,n, Vk,nX + Vk,n), ^kn d M T k,n, Vk,n% + 2/fc,n) " (Uo, n , ^l,n) 

\ ' y k~ >co 

weakly in H 1 x I? . In view of (|3.7p and ()3.8|) . we can obtain, via a diagonal extraction argument 
(see Step 1 in the proof of Proposition 7.1 in [DKM09j ) . sequences {/J. n } n , {Un} n , i T n} n such 
that 

r„ G (0, 1), lim r n = 1 

and 

/i n 2 a(r n , /i n x + y n ),Hn d t a(r n ,n n x + y n ) ^ (V , Vi 

k— >oo 

Thus (Vq 1 , V^ 1 ) G A By the decomposition (13, 5ft . (13, 6ft and the Pythagorean expansion properties 
of the profiles, 

J 

E(U£,U?) = E(V ,Vi) + Y,E(V j (V),dtV 1 (0))+E(wi jn (0),wl n (0))+o(l) as n -> oo. 

Using that by Claim [23] all the profiles have non- negative energy, and that E(Uq, U™) tends to 
-Emm as n goes to oo, we obtain E m i n > E(Vo, Vi), and thus (as (Vq, Vi) G A), 

E(V , Vi) = -E m i n . 

5"tep 5. We next show that the solution V of (jl.ip with initial data (Vb, Vi) is compact up to 
modulation. It is sufficient to show that for all sequences {t n } n in the domain of existence of V, 
there exist a subsequence of {t n } n and sequences {A n } n , {x n } n such that 

An V{t n , X n X + X n ), A« dtV(t n , X n X + X n , 

converges strongly in H 1 x L 2 as n — ?■ oo. 

Extracting subsequences, we may assume that the sequence {{V(t n ), dtV(t n ))} has a profile 

decomposition | .■> {^j,n'i x j,n'i'tj,n\j n - As before, (|3.4p and the fact that V does not scatter 

implies that there is only one nonlinear profile (say U l ) that does not scatter, and that we can 
choose t± jU = 0. By a diagonal extraction argument and Proposition 12.31 we have 

(U^Ul)eA. 
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By the Pythagorean expansion for the energy 

J 

£min = E(V(t n ), d t V(t n )) = E{Ul U\) + Y,E (^"(-W A J,n). ^l'(-*J>Aj,n)^ 

3=2 

+ E{wQ n , w{ n ) + o(l) as n — > 00. 

Using that E(Uq,U\) > E m - m and that all the energies in the expansion are non- negative, we 
get by Claim E3] that U j = for all j > 2 and 



lim IK.nlliji + Ikin||i2 = 0. 



The proof is complete. 



□ 



Corollary 3.2. Let u be as in TheoremUl Let t n — > 1 be such that there exists (Vo,Vi) G A 
with E(V , Vi) = E min and X' n > 0, x' n G R N so that 



(3.9) 



X' n 2 a(t n , X' n x + x' n ), X n 2 d t a(t n , X' n x + x' n ) ) >■ (V , Vi) 



G A. 



Then rotating the space variable around the origin, and replacing u by —u if necessary, there 
exist X n , x n such that 



(JV i JV \ 

A n 2 ~ a(t n , X n x + x n ), X n 2 d t a(t n , X n x + x n )\ 

for some i G R with 
(3.11) 



(W e (p,x),dtW e (0,x)) 



£*\\VW\\ 2 L2 < 16770- 



Furthermore for large n, 
(3.12) 

An 2 a{t n , X n • +x n ) - W e (0, •) 



JV-2 



An 2 9ta(tn) An ■ +x n ) - d t W e (0, 



<2r/ , 



i 2 



and 

(3.13) i^y-u^PjuyiTluui ^wi/q , 

where Eq and do are the limits of the energy and the momentum of a (see ()3. 1 j) . (|3.2p ). 



1^0-^,0)1 + 1^1 <Cr?o /4 



Proof. By Proposition 13.11 the solution V with initial condition (Vo,Vi) is compact up to mo- 
dulation. By Theorem [21 after a rotation of R^ (and possibly changing u into —it), there exists 
xq G M. n and hq > such that 



1 



-wWo 



Mo ' Ho 2 



x 



fJto 



Taking A n = /J-oX' n and x n = x' n + X n XQ we get f|3. lOj) . 
By 



l|Va(tn)|||2 



VWi(0) - A„ 2 Va(t n , A n x + 



L 2 



+ ||VW,(0)||| 2 + On (l). 
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Together with the analoguous statement on the time derivative of a and with assumption (|1.6p , 
we get that for large n, 



IV — 1 

(3.14) ||VWH0)||£ 2 + -5-11^(0)11^ + 



VW e (0) - A„ 2 Va(t„, X n x + x r 



L- 



+ 



N -2 



d t W e (0) - A n 2 d t a(t n , X n x + •En ) 



L 2 



< ||VW||2 a +2r/ . 



By Claim UA 



||VW,(0)||| 2 + 



N - 2 



dtW e (0)\\ 



L 2 



I 4 

\vw\ 2 > — / \vw\ z , 



and thus (I3TT41) implies 16% > I 4 f \VW\ 2 , and (|3TTD . (f3TT2l) follow. The estimate (l3~T3]l follows 
from ([3TTD . (^121) . and the fact that for small t, \E(W, 0) - E(W t (0), d t W t (0))\ < CI 2 . □ 

3.2. A few estimates. Until the end of the proof, we fix a sequence t n as in Corollary 13.21 and 
we denote by 



(3.15) 
(3.16) 

We have by rf3~T2j) 
(3.17) 



£0n(x) = a(t n ,x) 



1 



— -1 



W e (0, 



A 



iin(x) = d t a(t n ,x) 

\ 2 

Am 



dtW e 



x — X 



limsup ||Veon|li2 + 



JV-2, 



|£ln|| L 2 < 277Q. 



Lemma 3.3. The parameters x n and X n satisfy: 
(3.18) 



- — ^— = 0, 



n-»+oo 1 — t r 



(3.19) 



lim sup 



1-U 



<CVo 



1/4 



Proof. Using that \x\ < \—t on the support of a, we get that \x n \ < C(l—t n ) and |A n | < C(l—t n ) 
(see [BG991 p. 154-155]). 

Proof of (|3.18p . We argue by contradiction. Assume (after extraction) that for large n, 

A,; 



(3.20) 
Notice that 



1-tn 



> C > 0. 



A n 2 a(t n ,\ n x + x n ) / \x\ < 



1 - t 



+ 



A„ 



1 C 

\x\< — + — , 
co c 



As W^(0) is the weak limit of the preceding function, we obtain that \x\ < Cq on the support of 
Wi(0), a contradiction. 
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Proof of (|3.19p . Denote by e(u) the density of energy defined by (|2.35[) . Using that u and v are 
solutions of (jl.ip and that suppa C {\x\ < 1 — t}, we obtain (see (|2.39p in Claim [2TTT|) 



(3.21) 

Furthermore, 
and thus 



— / x(e(u) — e(v))dx = — f (S/udtu — Vvdtv) = —d^. 
dt J r n J 



x(e(u) — e(v))dx 



M<(i-t) 



x(e(u) — e(v))dx 



<C(l-t), 



lim 

£—5-1 



x(e(u) — e{v))dx = 0. 
Integrating f|3.21 j) between t n and 1, we get 

(3.22) / x(e(u)-e(v))(t n )dx = d (l-t n ), 

JR N 

and thus by (|3.13p . 



(3.23) 



x(e(u) — e{v)){t n )dx 



< CrH\\-t n ). 



— -l 



Recall that A„ a(t n ,X n ■ +x n ) converges weakly to W^O) and that u(t n ) converges weakly to 
v(l) in H 1 as n — > oo. Thus 

||W,(0)||2 2 <limsup||Va(t n )||| 2 

n— >oo 

= limsup(||Vu(t„)||| a -2(Vu(t n ),Vv{t n )) L 2 + ||Vt»(i n )||| 2 ) 

n— >oo 

= -||Vw(l)||| 2 + limsup \\Vu{t n )\\l 2 . 



Using this together with the analoguous statements on the time derivatives, we see that ([1.6 
implies that 



N — 9 N — 9 

II Willis + -^\\dtW £ (0)\\h + HV^(1)|| 2 + -^-||^(l)f < \\VW\\l 2 + m , 



ll VW\\ 2 L : 
2 f IIV7W./'nM|2 



and thus for large n, using the continuity of v and that, by Claim [2"3[ ||VW||£ 2 < 11^^(0)11^2 + 

N-2, 



^\\d t W e (0)\\h, 



(3.24) 
Thus (l333[) implies 

(3.25) 



\d t v{t n )\\ 2 L2 < 2r? . 



< C % 1/4 (l-i n ). 



x e(a)(t n )dx 

By (j3.15p . ([3.16P and ([3.171) there exists A > such that for large n, 

Va| 2 + {d t a) 2 + |a|^2 < C Vo < Crtf*. 



x—xn\ 



>A 
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As a consequence, for large n (using that on the support of a, \x\ < 1 — t n ), 
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(3.26) 

On the other hand, 



L 



\x—X n \>A\ n 



xe(a)(t n ) 



< Cr/ 1/4 (1 - t n ). 



\x-x n \<A\„ 



xe(a)(t n ) 



\x—x„\<A\ n 



(x - x n )e(a)(t n ) + x r 



\<A\ r , 



(3.27) 
By ([318]), 
(3.28) 

'\x-Xn\KA\r, 

Furthermore, using that t]q is small, we get by (|3,17p that if A is chosen large, 



e(a)(t n ) 



lim 

11— >OC 1 — t r 



(x - x n )e(a)(t n ) 



0. 



(3.29) 



lim inf 

n— >oo 



1 



\x—x n \<AXr, 



e(a)(t n ) > -E(We(0),dtWt(0)). 



Combining f)3.25|) , . . . , (|3.29[) we get the desired estimate ()3.19|) . 



□ 



3.3. Strong convergence to the solitary wave for a sequence of times. Until the end of 
Section [3l we assume N £ {3,5}. 

Proposition 3.4. Let {t n } be any sequence as in Corollary \3.2\ . Then there exists I € (—1,1) 
such that (rotating again the space variable around the origin and replacing u by —u if necessary), 



lim A„ 2 a(t n ,\ n x + x n ),\r? d t a(t n ,\ n x + x n )) = (Wi(0),d t Wi(0)) , 

n— too V I 

strongly in H 1 x L 2 . 

Proof. Step 1. Resettling and application of the linear lemma. We first rescale the solutions. Let 



and 



9n(r,y) = (1 - t n ) 2 u(t n + (1 - t n )r, (1 - t n )y), (g n,gin) = (g n (0),d T g n (0)) 



——1 

K{t, y) = (1 - t n ) 2 v (t n + (1 - t n )r, (1 - t n )y), (h 0n , h ln ) = {h n {0), d T h n (0)) 



Then for all n, g n is a solution to (jl.ip with maximal time of existence 1, and h n is a globally 
defined solution of fLT) . By (I3TT5D . (i3~T6l) . (I3TT71) . 



(3.30) 

(3.31) 
where 



9on(y) = h Qn (y) + N W e 0, 



giniv) = hi n (y) + -^wdtWi I 

[In 



y-yn 

Hn 

y-Vn 

fJ-n 



+ eon(y) 
+ £in(y), 



1-U 



o, y n = — V , \y n \ < Cvl 



1 - 1 
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y-Vn 



at ^On 



/in 



V-Vr 



We argue by contradiction. We must show that (£oni £i?i) tends to in x .L 2 , i.e that (son, £i n ) 
tends to in H 1 x L 2 . Assume (after extraction) that 



Jim Heonlljji + Iki 



In 1 1 1,2 



6i > 0. 



Using that \x\ < 1 — t n on the support of a, we obtain 



(3.32) 



lim 

n— >oo 



|y|>i 



|Ve n(y)| 2 + (em(y)) 2 = 0. 



We denote by (respectively e n ) the solution to the linear wave equation (respectively the 
nonlinear wave equation) with initial condition (eom £ in)- Applying Proposition 12.71 to e^, we 
get (in view of (|3.32|) ) that for large n, the following holds for all r > 0, or for all r < 0: 

(3.33) f 

J\r\<\y-yn\<2+\r\ 

Step 2. Concentration of some energy outside the light-cone. In step 3 we will show that if 
(|3.33p holds for all r > 0, then for large n, 

2 / /o\ \ 2 



V e ^(r)| 2 + (5 4 4(r)) 2 >|. 



(3.34) 



i<\y-y n \<3 



+ d t g r , 



> 



16' 



and if f|3.33j) holds for all r < 0, then for a small ro > and for large n 
(3.35) 



|r„|<|y-J/„|<|r„|+10 



V5n(r n )| 2 + {d t g n (T n )) 2 > —, where r n 



16' 



In this step we show that (|3.34|) or (|3.35|) yield a contradiction. If (|3.34p holds, then for large n, 



<-<3 



, 3 t n 

Vn, 4 + T 



> 



16' 



Let t' n = 4 + — > 1 as n — > oo. Then the preceding inequality implies 



(3.36) 



I2(l-t' n )<\x\<13(l-t' n ) 

Indeed, by (|3.19p . and using that 1 — t' n - 



Vu(Q\ 2 + (d t u(Q) 2 > -L. 



4 ' 



< 



\X — X. 



we get for large n, 

1/4 



r. 



21 < 3 => 3 < - - < 12 =► 3 - Cri' < t^-t < 12 + Cr/ ( 

and (13.36|) follows if rjo is small. 

If \x\ > 1 — i' n , then v(t' n ,x) = u(t' n ,x) and we obtain by (13.36j) that for large n, 

/ \ Vv( t' n )\ 2 + {dtV (t' n )f> 5 J- 

J2(l-t' n )<\x\<13(l-t' n ) Id 

a contradiction with the fact that (v,dtv) € C (R, if 1 x L 2 ) (and thus the preceding integral 
tends to as n goes to oo). 
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In the case where (|3.35p holds, we obtain that for large n, 

f 5 

/ \Vu(t n - r )| 2 + {d t u(t n - r )) 2 dx > 

7^Q_<i£^™i<^a_ + io 16 

which yields a contradiction in a similar manner. 

Step 3. Nonlinear approximation. It remains to prove ()3.34p and f)3.35|) . We will focus on the 
proof of (|3.34p . The proof of ()3.35j) is similar and we leave the details to the reader. 

Let A be a large positive number to be specified later. Recall that e n is the solution of (jl.ip 
with initial condition (eo n ,£i n ). In view of ()3.30p . (|3.3ip we get 

(3.37) g n (Ann, y) = h n (A/j, n ,y) + — Wi [A, - — — J + e n (A/j, n , y) + o n (l) in H 1 

^ V ^ J 

(3.38) d t g n (Afi n , y) = d t h n (A» n , y) + \d t W t [A, V -^- ) + d t s n (Afi n , y) + o n (l) in L 2 . 



,,2 \ Mr 



To show this, write a profile decomposition ■! Ul > , {Xj jTl , 

Xj, n , tj,n}j n for the sequence (e 

I J j>3 

and notice that the equality 



J 

J 

J 0n 



/in 2 V ^ ' J=3\ n 

gm(y) = h ln (y) + \d tWl ( o, + £ -Ut^' (*^> ^T^l + < 

n 2 V Mn / • o \ 2 \ *j,n Aj,n J 

provides a profile decomposition for the sequence {go n ,gin), where two additional profiles f7* 
and Ul are given by the solutions of the linear wave equation with initial conditions (vq , v\ ) 
and (We(0),dtWi(0)) respectively, and t l n = t 2 = 0, x\ = 0, x 2 n = y n , X ljn = 1 - t n , X 2 , n = Mn- 
Applying Proposition 12.31 to both sequences (eon> £ in) an d (ffom^in) we get (|3.37p . (|3.38p . Note 
that it is also possible to show directly (|3.37[) . (|3.38j) from a long-time perturbation result, 
without relying on profile decomposition. 

Let i/j £ Cq°(M. n ) be a radial function such that ip(x) = 1 for \x\ < | and ip{x) = for \x\ > |. 
Write (|3T371) . (f3T38]) as 

g n (A^,y) = (l - i> (^)) /> n (^n,y) + ^ (^f) ~^i Wi ( A + ^ 0n(y) 

Mn 

d t9n (A» n ,y) = (l -V (^)) + ^ fc^ 2 ) \d t W t ^A V —-^j + e ln (y), 

where as n — >• oo, in iJ 1 x L 2 , 

eon = i> (^) h n (Afj, n ) + (l-i/> (^f)) -^ZI^ ( A ' + + 

Mn 

!/\,, \ . ( -1 , (y-VnW 1 Q „, ( A y - V; 



ein = i>[ ^) d t h n (A» n ) + Ul - */> [ !L jf L )) -jdtW e \A, ) + d t e n (A^ n ) + (1). 



26 T. DUYCKAERTS, C. KENIG, AND F. MERLE 

Then as n — > oo. 

(3.39) ||eon-<(^n)llii-i ^ IM>W) -^OWIItfi 



+ 



M>4 



|VW £ (^,x)| 2 + 



|a;|<20(l-t n ) 



|Vv(t n + (l-t n )^ n ,x)| 2 + o(l), 



and similarly 

(3.40) ||ei n - dte h n (An n )\\ L2 < \\d t e n {A^ n ) - d t e L n (A^ n )\\ L2 + 



+ 



\x\>4 



\d t W e (A,x)\ 2 + 



|x|<20(l-t n ) 



\d t v{t n + (1 - t n )Aii n ,x)\ 2 + o(l), 



As £ < C^ 74 , we can assume that I is small, and thus, by the explicit expression of W/>, if A is 
chosen large enough, 



(3.41) 



N>4 



|VTy,(A^)l 2 + 



|<WA*)| 2 < 
|x|>4 10000 



Furthermore by the small data theory (see (|2.7|) ) . if n is large 



(3.42) 



\e n (Afi n ) - e L n {A^i n )\\ kl + \\d t e n {A^ n ) - d t Sn(Afj, n )\\ ^ 



1/2 



< 



10000 



For large n, combining ([3739]) . ([371U]) . (|371Tj) and (^4"2]) . we get 



(3.43) 



kon - e^/vHI^i + ||ei n - d t s n (Afj, n )\\ L 2 ) < 



1/2 



1000 



Furthermore, by the definition of e$ n and e\ n , 



— < 1 and 
10 ~ 



V- Vn 



fJ-nA 



> 2 => g n (Afi n ) = e 0n and d t g n (Afx n ) = e ln . 

1/4 



Using again that r/o is small, and that \y n \ < Cr] Q , we get 
2 



(3.44) 



-Aii n < \y - y n \ < 9 g n (A^ n ) = e 0n and d t g n {Afi n ) = e\ n . 



Let e n (respectively e^) be the solution to ([Lip (respectively to the linear wave equation) with 
initial data (eo n ,Ei n ). By (|3.43p and the conservation of the energy for the linear equation, 



(3.45) 



\^)-^(a + A^)\\^ + \\dt^(a)-dt^(a + A^)\\^j < 1 
By the small data theory (see (|2.7p ). using that S\ < and that 770 is small, we get 



(3.46) 



\e n (a) - 4(c) || |a + \\d t e n (a) - d t e L n (a)\\ 2 L2 



1/2 



< 



1000 



Combining (f3T^5]) and (l3^6|) with ([3733]) we obtain taking <r = 3/4 - A[i n (and r = § in (137331) ). 



<|y-2Ml<3 



Ve n ( - - 



+ 



<9 t e n ( - - A/dj 



~ 10' 
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for large n. By (|3.44|) and the finite speed of propagation, we get 

9n (l) = £n (l ~ A/J, y for I ~ \ A ^n <\y- Vn\ < 8, 

hence ([CTD . □ 
Corollary 3.5. 

(3.47) E = E(W e , d t Wi) = E min 

(3.48) d = -E m, 

where e x = (1, 0, . . . , 0) £ R N . 

Proof. By definition, Eo = lim^i E(a(t),dta(t)). The fact that Eo = E m [ n follows from the 
choice of t n and the strong convergence of the sequence (a(t n ) , dta(t n ) . To complete the proof 
of ([3]17D, observe that 

Eo = lim E(a(t n ),d t a(t n )) = E(W e ,dtW e ). 

71— >00 

The equality (|3.48p follows from 

d = lim I Va(t n )d t a(t n ) = I VW e (0)d t Wi(0) = -£E(W e , dtWfa. 

n^ooj J 

(See Claim [231) □ 
3.4. Strong convergence for all times and end of the proof. 

Lemma 3.6. Let {t' n } € (0, 1) N be any sequence such that tf n —tl as n — >• oo. Then there exist 
\' n , x' n and a sign ± such that 

N 

lim A' n T a(4, \' n x + x' n ) = ±W e (0), in H 1 



n—^oc 



N i 

lim A' T d t a(t' X'x + x' n ) = ±d t W e (0), in L 2 . 

n— >oo 

where t = -J^. 

Proof. Consider a profile decomposition jf/^ j , {Xj t7l , Xj jTl , tj^ n }- n associated to the sequence 

(o (t' n ) ,dta(t' n )). Let {U^ ■ be the corresponding non-linear profiles. Reordering the profiles, 

we can assume as usual that all solutions U 3 , j > 2 scatter forward and backward in time, that 
ti,n = 0) an d that U 1 does not scatter in either time direction. By the definition of A, we deduce 
that U 1 £ A. By the Pythagorean expansion of the energy and the H 1 x 1? norm we get that 
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for all J, as n — > oo, 
(3.49) 



E {a(t' n ),d t a(t' n )) = E (Etf, U{) +Y, E + E K«' U U + ^ 

J'=2 



(3.50) 



I / / \||2 A" — 2 I, /,/\||2 

r vn) \\m + lr* a Hz 2 = 

i=i 



Aj,n 



ii 



A-2 



ii / 1 1 2 AT — 2 ,. 7 |,2 

+ IK.nHtfi + IH,n|| L 2 + (!)- 



By fjl .6[) . (|3.50p and Claim 12.41 we deduce that all the energies in (|3.49|) are positive. By- 
Corollary 13.51 

lim E {a(t' n ),d t a(t' n )) = E min < E {U\d t U l ) . 
As a consequence, E (U ,dtU ) = E m i n and for all J > 2, 



lim £ £? I7f ) + £ w{ n ) = 0. 



j=2 

By Claim [23] again, this shows there are no other non-zero profile than U 1 and that {wq n ,w[ n ), 
which does not depend on J > 2, goes to in H 1 x L? as n — > oo. 

Using that E{Uq,U\) = E m \ n , we can apply Proposition 13.41 to the sequence t' n , which shows 
that there exists a rotation 1Z of M. N (centered at the origin), xq £ R , Ao > 0, £' G (—1, 1) and 
a sign ± such that 



U\t,x)=±^— Wi 



x 2 







X — Xq 

Ao 



By Corollary E31 f = — g and 

lex =Hn(e 1 ), 

which shows that 1Z is a rotation with axis (0, e*i), and that I = As a consequence (using 



that W 7 ^ if invariant by this type of rotation), 



1 



A 2 



t X — Xq 



1 



\ 2 



-."Ha?* 



t / X — 



Ar 



concluding the proof of Lemma [ 
Corollary 3.7. There exist parameters X(t) and x(t), defined for t G [0, 1), such that 

\{t)~ x a (t, X(t)y + x(t)) , \(t)-d t a (t, X(t)y + x(t))j = (W e (0), d t W e (0)) . 



□ 



Furthermore, 
(3.52) 



M*) \x(t)\ „ 1/4 

lim — ^- = 0, sup V-H 1 < C% . 



t->o 1 — t 



te[o,i) 



1 - t 



BLOW-UP FOR ENERGY CRITICAL WAVE 



29 



Proof. By Proposition 13.41 there exists a sequence t n — > 1 such that 
(3.53) 



lim inf 

n— >oo A o >0 
xo 



A 2 a(t n , X y + x ) - W e (0) 



+ 



n 1 



A 2 d t a(t n , X y + x ) - d t W e (0) 



L- 



We show (|3.5ip by contradiction. Assume that there exist Co > and a sequence T n 
that for all n, 



(3.54) inf 

A >0 
•''ii 



V 



a(r„, A y + x ) - W e (0) 



+ 



yi 1 



A 2 d t a(T n , X y + z ) - d t W e {0) 



L 1 



= 0. 
1 such 

= c . 



In view of (|3.53p . using the continuity of the H 1 x L 2 valued map t h- )• (a(t) , dta(t)) , we can 
change the sequence r n in (|3.54[) so that < cq < 11^(0)11^1 + ||^t^(0)IU 2 - By Lemma [331 we 
get a contradiction, which shows (|3.5ip . The estimates (|3.52p follow by Lemma 13.31 □ 



To complete the proof of Theorem [H it remains to show the second equality of (|1.7p , which 
is done in the next lemma: 



Lemma 3.8. The translation parameter x(t) of Corollary \3. 7| satisfies 

x(t) 



(3.55) 



lim 

t->i 1 - t 



-le x . 



Proof. It is sufficient to fix a sequence {t n } n such that t n — > 1, and show that (13.551) holds along 
a subsequence of {t n } n . 

From (I3.22p in the proof of Lemma 13.31 we have 

x{e(u) - e(v))(t n )dx = d = -E^ = -^(W/(0),^Wi(0))gi. 



(3.56) 



1-tr 



Using that (v,dtv) is continuous from R to H 1 x 1? and that a is supported in {|x| < 1 — t}, 
we get 

xe(a)(t n ) - [ x (e(u) - e(v))(t n )dx) 



l-t n 



0. 



Expanding 



xe(a)(t n ) 



(x - x(t n ))e{a){t n ) + x(t n ) / e(a){t n ) 



and using (|3.5ip . one can show (|3.55p . The proof is similar to the end of the proof of Lemma 
13.31 and we skip it. □ 

4. Classification of compact solutions 

In all this section we assume ./V £ {3, 4, 5}. 

Definition 4.1. Let u be a solution of (jl.ip . We will say that u is compact up to modulation 
when there exist functions A(i), x(t) on / max (^) such that K defined by (|1.8p has compact closure 
in H 1 x I?. 

Note that if X(t) and x(t) exist as in Definition 14.11 we can always replace them by smooth 
functions of t (see |KM06| i 

In this section, we show Theorem [2j i.e that the only solutions that are compact up to 
modulation and satisfy the bound (jl.9p are (up to the transformations of the equation) the 
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solutions We- After a preliminary subsection about modulation parameters around We, we show 
in £ )4.2I that all compact solutions are globally defined. In §4.31 we show that there exists two 
sequences of times (one going to +00, the other to —00) for which the solution converges to We 
up to a time dependent modulation. In ^4.41 we conclude the proof. In £ )4.5| we prove a general 
version of Corollary 11.51 



4.1. Modulation around the solitary wave. We first introduce some modulation parameters 
around We, adapting the modulation around W in |DM08] to the more general case of We- The 
proofs, which are very similar to the ones of |DM081 Appendix A], are sketched in Appendix lAl 
Consider a solution u of (jl.ip such that for some I G (— 1,+1), 

(4.1) E(u ,u 1 ) = E(We(0),d t We(0)) and J Vu m = f VW e (0) d t We(0). 
Let de be defined by 

(4.2) d e (t) = J \Vu(t)\ 2 dx + j (d t u(t)) 2 dx- j |VW^(0)| 2 dx - J (d t W e (0)) 2 dx. 
As in the case I = 0, we have the following trapping property: 



Claim 4.2. Let u be a solution such that (|4.ip holds. 

• If de(0) = 0, there exist Ao > 0, xo € l w and a sign ± such that 

u \ ±l 1*1 ( 1 x ~ x o 

X ) = —N=%Wl> ~ C 

\~t- V A o A o 

• If de(0) > 0, then for all t in the domain of existence of u, de(t) > 0; 

• If de(0) < 0, then for all t in the domain of existence of u, de(t) < 0. 

We refer to Appendix [A] for the proof of Claim 14.21 The next proposition, which is again 
proved in AppendixEl states that, for small de(t) it is possible to modulate u so that it satisfies 
suitable orthogonality conditions. 

Lemma 4.3. Assume (|4.1|) . There exists a small 5q = Sq(£) > such that if \de(t)\ < 5q on a 
time-interval I, then there exist C l functions \{t) > 0, x(t) 6 R^, a(t) £ M., defined for t £ I 
and a sign ± such that 

JV-2 

X(t) — u(t, X(t)x + x(t)) = ±(1 + a{t))W e (0, x) + f(t, x), 
where f(t, x) = f (^t, \fl — £ 2 x\, X2, ■ ■ ■ , xj^j satisfies 

( N — 2 1 ~ L 

/€ lw,8 Xl W,...,d XN W,^—W + x-VW\ znij 1 ^). 

Furthermore, the following estimates hold for t £ I: 

(4.3) |a(t)| « ||V(a(t)Wi(0) + /(t))|| ia « ||V/(t)|| L2 + ^(i) + ^(i)|| L2 « |^(t)|. 

(4.4) |A'(t)| + |x'(t) - £ei| + A|o/(i)| < C\d t {t)\. 

Here the implicit constants in (|4.3p and i/ie constant C in (|4.4p might depend on £, but are 
independent of u andt. 
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4.2. Global existence. In this subsection, we show that all solutions of (jl.ip which are compact 
up to modulation and satisfy the bound (| 1 . 9 1) are globally defined. We start by showing that 
solutions that are compact up to modulation have positive energy. 

Lemma 4.4. Let u be a nonzero solution of (jl.ip which is compact up to modulation. Then 
E(u ,ui) > 0. 

Proof. Assume E(u ,Ui) < 0. By Claim E3J ||Vito||| 2 > ||VW||£ 2 . By |KM08j . u blows up in 
finite time in both time directions. We denote T± = T±(u) the finite times of existence. 

The fact that it is compact up to modulation implies that it is bounded in H 1 x L 2 . Fur- 
thermore, by Lemmas 4.7 and 4.8 in [KM08], X(t) — > as t — > T± and there exist two blow-up 
points, x+, X- G such that 

supp(it, dtu) C {\x — x + \ < \T + — t\} n {\x — x_| < \T- — t\} . 

Let 

y(t) = / u 2 (t, x) dx. 



Then by (12^441) in Claim [2T2] and the fact that E(u Q ,ui) < 0, 

(4.5) y"(t) > 0. 

Furthermore by Hardy's inequality and the properties of the support of u: 

(4.6) lim y(t) = lim y(t) = 0. 

t — t — yi — 

By (|4.5p and (|4,6p . y(t) = for all t, which shows that u = 0, contradicting our assumptions. □ 

The main result of this subsection is the following: 

Proposition 4.5. Let u be a solution of (jl.ip that satisfies (11.91) and such that E(uq,U\) > 0. 
Assume that there exist X(t) > 0, x(t) € defined for t > such that 

K + = | (X(t)% ~ l u{t, X{t)x + x(t)),X(t)%d t u(t,X(t)x + x(t)j) : t G [0,T+(u))J 

/ias compact closure in H l x L 2 . T/ien 7+ (it) = +oo. 

We argue by contradiction, assuming that T + (u) is finite. Without loss of generality, one may 
assume 7+ (it) = 1. As in Remark ll.41 we will assume that J Vuoiti is parallel to e*i = (1, 0, . . . , 0) 
and define t by (fLTTT) . 

As seen in the proof of Lemma 14.41 there exists an unique blow-up point (that we will assume 
to be x = 0). Moreover, X{t) — > as t — > 1 and 

suppu(i) C {|x| < 1 — t} 

Furthermore by |BG99t p. 144-145], 

A(t) + |x(*)l < C(l-i). 
We will need the following result, which is proved in [KM08, Section 6]: 

Theorem A. Let u satisfies the assumptions of Proposition [^T5[ Then there exists a sequence 
{t n } G [0, 1) N such that 

(4.7) lim t n = 1, lim = 0. 

n— >oo n— >oo 1 — tn 



32 



T. DUYCKAERTS, C. KENIG, AND F. MERLE 



We divide the proof of Proposition 14.51 into a few lemmas. 

Lemma 4.6 (Control of the space translation). Let u be a solution which is compact up to 
modulation and such that T + = 1. Let {t n } £ [0, 1) N be any sequence that satisfies (|4.7p . Then 

lim = 

n->oo 1 — t n 

Proof. Let \I/(i) = f xe(u), where e(u) is defined by (|2.35[) 

By (jl.lip and conservation of momentum and identity f|2.43j) in Claim 12.121 



(4.8) 

Write 
(4.9) 



*'(i) 



\7u(t)d t u(t) = £E(u , ui)ei. 

(x — x(£))e(it), 



#(i) = x(t)£7(uo,«i) + 

'|as|<l-t 

where e(u)(t,x) is defined by (|2.35p . Fix e > 0. Using the compactness of K + , one may find 
A e > such that 



(4.10) 

where 
(4.11) 

Then 



Vie [0,1), /" 

J\3 



r(u) < e, 



|x-x(t)|>A e A(t) 



r(u)(t, x) = \Vu(t, x)\ 2 + (d t u(t, x)) 2 + \u\ N - 2 + 1 — ^ |u| 



(x — x(i))e(«) 



(x — x 



(t))e(«) + / 

J\x-x( 



(x — x(i))e(«) 



'\x-x(t)\<A e X(t) J \x-x(t)\>As\(t) 

and thus, in view of the bound \x(t)\ < C(l — i), and the fact that |x| < 1 — t on the support of 



tt, 



/ (x — x(i))e(u) 

./|a;|<l-t 



By (|4.7p . and using that e > is arbitrary, we get in view of ()4.9 

(y(t n )-x(t n )E(uo, Ul )) 



lim 



l-tr 



<CA e X(t) + Ce(l-t). 



0. 



Using that, by (gS 



m(t n ) = -ei j £E(u , Ul )dt = -lE(u ,ui)(l-t n )ei, 

J t-n. 



we get the conclusion of the lemma. 
We next show: 

Lemma 4.7. Let u and {t n } n be as in Lemma \4-6\ Then 



□ 



lim 

n— >oo 1 — t 



n Jt 



\d t u{t) + id Xl u{i)\ 2 dx dt = 0. 
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Proof. Let 



Z(t) 



N -2 



1) / (x + £(l-t)e x ) ■ Vud t udx + if - l) ud t udx 



-£ 2 J (x 1 + £(l-t))d xi ud t udx. 
Then by Claim |2"7T21 and using that f VuqUi = —£E(uq, ui)e±, we get 

Z'(t) = [ {d t u + £d xi uf dx. 



Integrating the preceding equality between t n and 1, we see that it is sufficient to show: 
(4.12) 

We first show: 



lim^M = 0. 

n— 5>oo 1 — t n 



(4.13) 



1 



lim 

n->oo 1 — t r 



u(t n )d t u(t n ) dx 



Fix e > 0, and let A £ satisfying (|4.10|) . Then 



u(t n )d t u(t n ) dx 



1 



\x x{t n )\-. 

\x-x(t n )\>A e X(t n ) F - X[t nj 



0. 



■u(t n )d t u(t n ) dx 



+ 



1 



|x - x(t n )h ——u{tn)dtu{t n )dx, 

\x-x(t n )\<A e X(tn) \X-X(t n )\ 



and we get, as in the proof of Lemma 14.61 (and using Hardy's inequality), 



u(t n )d t u(t n ) dx 



<Ce(l-t n ) + CA e X(t n ). 



Using (|4.7I) . and the fact that e is arbitrary in the preceding equality, we get (|4.13p . We next 
show 



(4.14) 



1 



lim 

n— >co 1 — t n 



(x + £{l - yei) • Vu(t n )d t u(t n ) dx 



0. 



Fix again e > 0, and A e as in (|4.10p . and divide the integral between the regions \x — x(t n )\ < 
A £ X(t n ) and \x — x(t n )\ > A £ X(t n ). By (|4.1U|) and again the fact that \x\ < 1 — t on the support 
of u, 

I (x + £(l-t n )ei)-Vu(t n )d t u(t n )dx <C(l-t n )e. 

' \x-x(t n )\>A e X(t n ) 

Furthermore, if \x — x{t n )\ < A £ X(t n ), then 

\x + £(1 - i n )ei| <\x- x(t n )\ + \x(t n ) + £{l - t n )ex\ < A £ X(t n ) + \x(t n ) + £{l - t n )e x \, 
which shows by Lemma 14.61 that 
1 



lim 

1 — tr, n— >co 



\x-x(t n )\<Ae\{t n ) 



(x + £(1 - t n )ei) ■ Vu(t n )d t u(t n ) dx 



0. 
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Combining these estimates and using that e > is arbitrary, we get (|4.14p . To conclude the 
proof of (|4.12p . and thus of the lemma, it remains to show 



(4.15) lim — — 

n—tco 1 — t 



0. 



xi + £{l - t n ))d Xl u(t n )d t u(t n ) dx 

The proof of (|4.15p is the same than the one of (|4.14p and therefore we omit it. □ 

To show Proposition 14.51 it remains to prove the following proposition: 

Proposition 4.8. There is no function u as in Proposition ^ -5\ such that T + = 1 and for some 
sequence t n —*l, 

(4.16) lim — !— f f\d t u(t) + £d Xl u(t)\ 2 dt dx = 0, 

n->oo 1-tn J tn J 

where £ is defined by (jl.lip . 

Let us first show: 
Lemma 4.9. Let u be as in Proposition \4-8[ Then £ S (— 1,+1), 



E(u Q , Ul ) = E(W e (0),dtW e (0) = J_ E(W,0), 

v 1 — £ 

J X7u oUl = J X7W e (0)d t W e (0) = - -=^ E(W,0)g!. 

Proof. In view of Lemma 14.71 one may show, using the argument of the proof of Corollary 5.3 
in [DKM09J, that there exists a sequence {t' n } n such that in H 1 x 1? 

hm (A¥(4) u (^A(<)i + ir(0) I AT(t'J^4,A(Oi + i(0)) = (^i), 

n— ^+oo \ / 

and the solution U of (jl.ip with initial condition (Uq,Ui) satisfies for some T G (0,7+ (£/)): 

rT 



[ [ \8 t U + £d xl U\ 2 = 0. 
Jo Jr n 



As a consequence, 

(4.17) d t U + £d xl U = 0m(0,T)xR N . 
Differentiating with respect to t, we get 

(4.18) AU + \U\^U - fd^U = in (0,T) x R N . 

Using that U(0) satisfies the equation (1X2TD . that by (JTSJ, \\VU(0)\\ 2 L2 < 2\\VW\\ 2 L2 , and that 
U 7^ (the energy of U is positive) , we get by Lemma 12.61 that £ 2 < 1 and that there exists 
A > 0, x G R N such that 

Uo(x)=±-±-Wi(o,^^ 

By (|4TT7|) . we get 

Ul (x) = ±^ 7r d t W e (o,^^ 
A o 
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which shows that 



U(t,x) 



-W t t, 



\ 2 
A o 



X — Xq 



X 







The conclusion of the lemma follows by conservation of energy and momentum. 



□ 



We are now ready to prove Proposition 14.81 Let us mention that this part of the proof fills a 
small gap in the paper jDM08| . Indeed Proposition 2.7 of this paper is a direct consequence of 
[KM08| only in the case of self-similar blow-up. To show that T+(u) = +oo under the general 
assumption of Proposition 2.7 of [DM08| . one must use the Steps 1, 3 and 4 of the proof below 
(Step 2 is only needed in the case of nonzero momentum). 

Recall from §4.11 the definition of d e (t) and S . By 34.11 if \d e (t)\ < S , there exist X(t) > 0, 
x(t) G 1^ and a(t) such that 

JV-2 

X(t)~u(t, X(t)x + x(t)) = (1 + a{t))W e {0, x) + f(t, x), 
II/Hhi + l«l + \\d t u + £d Xl u\\ L 2 < C\d e (t)\. 

It is easy to see that we can replace the X(t) and x(t) defining K + by the above X(t) and x(t) 
for all t such that |<^(£)| < So, without losing the compactness of K + in H l x L 2 , which we will 
do in the remainder of this proof. For these x(t) and X(t) we still have 



(4.19) 
Let 

(4.20) 



Vie [0,1), \x(t)\ + \X(t)\<C(l-t). 

(N-2)(N-1) 



$(t) = (JV — 2) (x+(l- t)£ei) ■ Vud t u + 



udtu. 



By the conservation of momentum, (|2.40j) and (|2.42j) in Claim [2TT21 and the fact that J VudtU 
—£E(uo,ui)ei, we get 

(4.21) $'(t) = d t (t). 

Step 1. Bound on X(t). Let us show 



(4.22) 



\X(t)\<C(l-t)\d e (t)\—i 



If |c^(i)| > 5q, the bound follows from (|4.19p . Let us assume that < So. Then by 34. II and 

the choice of X(t) and x(t), we have 



u(t, x) 



l —w t (o x ~ x{t) 

^ 'V A(i) 



X(t)~ 



+ 



1 



x — x(t) 

x(t)^~V^W~ 



e t 



where ||e(t)||^i < C\dt{t)\. Using (14. 19ft and that on the support of u, \x\ < 1 — t, we obtain 
that u(t,x) = if \x — x(t)\ > C\{\ — t) for some large constant C\. In particular 



\x-x(t)\>Ci(l-t) 



X(t) 



N 



VW e 



x — x(t) 



dx 



\x-x(t)\>d(l-t) 



X(t) 



N 



Ve t 



x — x(t) 



dx <C(d e (t)) 2 . 



7V-2 
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As a consequence 

(4.23) C\d e (t)\ 2 >[ cn \VW e (0,y)\ 2 dy>c(^-) 

4i>^^ vi -tj 

hence (|4.22p . The last inequality in (j4.23[) follows from the expression (II. 5p of Wg. Indeed 
\VW t (0,y)\ » |y|~ (Ar_1) for large y and thus f {y{>A \VW e (0,y)\ 2 dy » A 2 "^ for large A > 0. 

Step 2. Let 

y e (t)=x(t) + (l-t)£e 1 . 

In this step we show 

(4.24) \ yi (t)\<C(l-t)\dt(t)\ 1+ *. 
We define S(t) by 

(4.25) S(t)= [ (x + (1 - t)£ei) e(u)dx, 

JRN 

where e(u) is the density of energy defined in (|2.35|) . Then using that u is a solution of 
such that, by Lemma [ 



E(u , Ul ) = -^=E{W,Q), f Vu QUl = --J==E{W,Q)Z X . 

we get by (|2.43p in Claim I2TT21 that S'{t) = 0. Furthermore, as \x\ < 1 — t on the support of u, 
we get that S(t) — > as t — > 1, which shows that S'(i) is identically 0. As a consequence 



(4.26) yi(t)E(u , Ul ) = - / (x - x(t))e(u). 

It remains to show 



(4.27) 



f(x-x(t M u) 



<C(l-t)\d e (t)\ 1+ ^. 



2 



If |df(t)| > So, where So is given by Lemma 14.31 the bound follows from the fact that u is 
supported in the light cone {|x| < 1 — t} and from the bound on x(t) in (|4.19p . 
Assume < So. Then by Lemma I4TB"1 one has 

/ \ 1 x — x(t)\ 1 / x — x(t) 
(4.28) u(t,x) = —WJO, , u y )+ —e it, 



A(t)^ * V A(t) ; A(i)^ V A(t) 
(4.29) ft«(t, x) = W f 0, + -^ ei f t, X ~ X{t) 



X(t)f ^ * V ' A(t) ; A (t)f V ' A(t) 
where 

(4.30) IkWII^i + Iklllxa <C\d e (t)\ 
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(the bound on £\ follows from the bound \\dtu + £d Xl u\\ L 2 < d^{t)). Then, developing the density 
of energy e(u), 



(4.31) 



(x — x(t))e(u) 



< 



l\x-x(t)\<Ci(l-t) 

where we have denoted by 



(x — x(t))e(u) 

\x-x(t)\<Ci(l-t) 

x - x(t))e {W e:X{t):X{t) (0,x)) 



+ R(t) + (l-t)\d e (t)\ 2 , 



W, 



and 
(4.32) 



R(t) = [ 

J\3 



\x-x(t)\<Ci(l-t) 

+ 



e,x(t),x(t) 



\x — x(t)\ 



s,x 



A(t) 



1 / x - x(t) 

w^W e [ s, 



X(t) 



\x-x(t)\<Ci(l-t) 



\x — x(t)\ 



x — x(t) 



V x e\ 2 + \e 1 \ 2 [t, 



x — x{t) 



W e [0, 



x — x(t) 



JV+2 



£ t, 



X(t) 
x — x(t) 



dx 



dx. 



We have used the notation \Vt, x v | 2 = \\7v\ 2 + \dfV | 2 . The first term in the second line of (|4.3ip 
is by the parity of |W^(0)| and |<9t VKe(O) | . Let us show 

(4.33) R(t) <C\d e (t)\ 1+ ^(l-t), 



which would conclude this step. We show the bound (|4.33|) on the first term Ri in (|4.32p . the 
proof of the bound on the second term is similar. First remark that by the change of variable 

\x-*(t)\ 



y 



W) 



R 1 (t) = X(t)[ \y\\V t ,xWt (0, y) | J \V x e (t, y)\ 2 + {e^t, y)\ 2 dy. 



Let A = A(t) > 1 be a parameter and divide the preceding integral between the regions \y\ > A 
and \y\ < A. By Cauchy-Schwarz and using the explicit decay of Wi(0,y) as \y\ — > oo, we get 



\(t) 



A<\y\<d^ 



y\ Nt,xW e (0, y) (J\V x e (t, y)\ z + | £l (t, y)| 2 dy 



By Cauchy-Schwarz: 
X(t) 



|v|< n rfn{Oi^,A} 



< C(l - t)\di(t)\J / \V t ,xW e (0,y)| 2 < C(l - t)\d e (t)\A l -~. 
V J\v\>A 



\y\ \V t , x W t (0,y) | ^\V x e(t,y)\ 2 + \e 1 (t,y)\ 2 dy < X(t)A\d e (t)\. 



Taking A = C 
concludes step 2. 



W) 



and combining the two bounds with (|4.22|) . we obtain (|4.33p . which 



:>>,-< 
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Step 3. Bound on $>(t). Let us show 

(4.34) |$(t)| <C(l-t)\d e (t)\ 1+ 7r. 

As usual, the bound for |c^(i)| > 5q follows from the condition on the support of u and from the 
bound \x(t)\ < C(l — t). Let us assume that < o~o- Write 



(4.35) $(t) = (N — 2)y t (t) ■ / Vud t u 

J\x-x(t)\<d(l-t) 



+ (N - 2) / (x- x(t)) ■ Vud t u + 

J\x-x(t)\<Ci(l-t) 



(N -2)(N - 1) 



udtu. 



'|x-x(t)|<Ci(l-t) 

The first term of (|4.35p is bounded by step 2. To handle the other terms, decompose u as in 
(l428j) . <$M> - Then 



|x-x(t)|<Ci(l-t) 



(x — x(t))Vudtu 



< CR(t) + C(l-t)\d e (t)\' 



+ 



{x - x(t))VW £ U ^F) 9tW * f ' 
\x-x(t)\<Ci(l-t) \ A W / V A W 



where R(t) is defined by (|4.32p . Noting that the last integral is by the parity of We, and 
bounding R(t) by (|4.33p . we get 



<C(l-i)K(i)| 1+ -. 



(x — x(t))Vudtu 

l\x-x(t)\<C x (l-t) 

Writing 

/ udtu = \x — x(t)\ 

J\x-x(t)\<C\(l-t) J|x-x(t)|<C*i(l-i) \X-X{t)\ 

and using the same argument, we get the bound 



1 



udtu, 



udtu 



<C(l-t)|cfc(t)| 1+ l 



'\x-x(t)\<Ci(l-t) 

which completes step 3. 

Step 4. End of the proof. By (|4"34"j) . then (jOTj) . 

(4.36) |$(t)| < C(l - t)|^(t)| 1+ ^ < C(l - t) \&{t)\ l+ ^ . 

Thus 



1 



< 



(l — t) 1+2 / N \$\ 1 + 2 / N 
Integrating and using that ^p27jv < 1> we obtain 

(1 - tf'^k* < ci^)! 1 " wW, 

and thus 
(4.37) 



1 - t 
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By the proof of Lemma 14.91 there exists a sequence of times t' n — > 1 such that d^{t' n ) — > 0. 
Applying the first inequality of (|4.36|) to this sequence, we get 

¥ 7^1^(4)1 =o, 

n->oo 1 — t' n 

which contradicts (|4.37p . The proof of Proposition 14.81 is complete. □ 
4.3. Convergence for a sequence of times. 

Lemma 4.10. Let u be a solution which is compact up to modulation, globally defined and 
satisfies the bound (jl.9p . Assume after a space rotation around the origin that there exists a 
£ G R such that 

E(u ,ui) 

Then \£\ < 1, and there exist t n — > +oo, Ao > 0, xq G M. and a sign ± such that 

( JV — 2 JV 

lim (X(t n ) 2 u (t n , \{t n )x + x(t n )) , X(t n ) 2 d t u(t n , \{t n )x + x(t n )) 

—W e 0, — , — dtWi 0, —— 

in H 1 x L 2 . 

Note that from Lemma 14.41 the energy of u is > 0, which justifies the definition of I. 
Proof. As usual, we may assume that x(t) and X(t) are continuous functions of t. 
Step 1. We show that 

(4.38) lim ^ = 0. 

t^+oo t 

The proof is standard (see [KM08] ). We argue by contradiction. By finite speed of propagation, 
X(t)/t is bounded for t >1. If (|4.38p does not hold, then there exists a sequence t n — > +oo and 
a ro G (0, +oo) such that 

(4.39) lim ^1 = 1. 

n->oo t n To 

Let 

JV-2 

w n (s,y) = X(t n )~ u (t n + X(t n )s, X(t n )y + x(t n )) . 
Then after extraction there exists (wq,wi) G H 1 x L 2 such that 

lim (w n (0),d t w n (0)) = (w ,wi) in H 1 x L 2 . 

n— >oo 

Let w be the solution with initial data (wq,w\). Let us show that w is globally defined. For this 
we check that w is compact up to modulation. For s G (T^(w), T + (w)), let 

JV-2 

Uon(y) = X(t n + X(t n )s) 2 u t n + X(t n )s,X\t n + \(t n )s)y + x(t n + X(t n )s\ 

JV 

ui n (y) = X\t n + A(i„)s) 2 d t u t n + X(t n )s, x(t n + A(t n )s^y + x(t n + A(t n )s 
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Then by the definition of K, (uo n ,ui n ) E K. Thus after extraction, (uo n ,ui n ) has a limit as 
n — > oo which is in K (and thus, by energy conservation, not identically 0). Next note that 



uon(y) 



Uln{y) 




X(t n + X(t n )s) ^ ^ x(t n + X(t n )s) - x(t n ) 



X(t T 



X(tn) 



X(t n + X(t n )s) x(t n + X(t n )s) - x(t n ) 

y h 



A(tn) 



A(t n ) 



Using that by continuity of the flow 

lim (w n {s),d t w n (s)) = (w(s),d t w(s)) / in H 1 x L 2 , 

we get that there exists C(s) > such that for all n, 

x(t n + X(t n )s) - x(t n ) 



1 A(t n + A(t w ) S ) 

ccsy- a7u - (s) 



A(t r 



<C( S ) 



After extraction of a subsequence, this two quantities converge to A(s), x(s). As a consequence, 
we get that 



X(s) 2 w \s,X(s)y + x(s)j ,X(s) 2 d s w \s,X(s)y + x(s)j ) G K. 

In particular, u; is compact up to modulation and satisfies the bound (jl.9p . By Proposition 14.5 
it; is globally defined. 

Let s n = —t n /X(t n ). Then 

{w n (s n ,y),d t w n (s n ,y)) = ^A(t w )T _1 «(o, A(i n )y + x(t„)), A(t n ) T 9tu(0, A(i re )y + x(t n ))\ 
and by lJOS|l 

lim (w n (s n ,y),d t w n (s n ,y)) = (w(-T Q ,y),d t w(-T ,y)) in H 1 x L 2 . 

n— >oo 

This shows that X(t n ) is bounded, a contradiction with (|4.39p . Step 1 is complete. 
5"iep By finite speed of propagation, there exists a constant M > such that 
(4.40) Vt>0, \x(t)\ < M + \t\. 

In this step we show 



(4.41) 



lim = 0. 



t— >+oo t 

Fix e > 0. Let r(u) be as in (|4.1ip . Let S e > be such that 



(4.42) 



Vt, / r(u) < £. 

J\x 



In view of step 1, (|4.40|) and the continuity of x(t) and A(t), there exists to ^> 1 such that for 
r > to, 



(4.43) 



sup A(i) < £S e r, sup < -r. 



te[o,- 



te[o,- 
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il 



Let t > to and, for t G [0, r], 



\fV(i) = / J e(u)(t,x) dx, 



where <^(x) = 1 for \x\ < 3, <p(x) = for \x\ > 4. Then by (|2.39p in Claim [27TT1 



(4.44) V r (i) = - / Vud t u + O f / 

J \-'|a;|>3T 



r(u) =^(«o,ui)ei + 



|x|>3t 



r(it) 



where r(u) is defined by (|4.1ip . If t G [0, r], then by (|4.43|) (and using that e < 



2/' 



|x-x(t)| 3r-b(*)l 3-r-fr 1 
x > 3r =^ ^ — . , V > , . . > > — 



A(t) 



and thus by 



iG[0,r] 



|x|>3t 



A(t) £<5 e T 4' 

r(u)(t, x) dx < e. 



Integrating (|4.44|) . we get 

(4.45) |¥ t (t) - * T (0) -T£S(«o,«i)ei| < Cre. 

Furthermore, 



(4.46) * t (t)-z(t)E(« ,u 1 ) = y 



x(t) I e(u) 



l*-*(r)|<^ 



(xip (-) — x(t)) e(u) — x(t) / e(u) + \ xip ( — ) e(u). 



|x — x(t)|> : 



Notice that \x(p (x/t)\ < 4r. By (|4.42p . we bound the third integral in the second line of (|4.46p 
as follows 



xip I — I e{u 



< Cet. 



'\x-x(t)\>^ 

By (|4.42p and (|4.43j) . the second integral can be estimated by Cet. To bound the first integral 
in the second line of (|4.46[) . write 

A(r) 



\x — x(t)\ < 



1 / \ 1 Mr) 5 
x < x r + < -r, 



and thus on the support of the first integral, ip(x/r) = 1. As a consequence, by (|4,43p . 



|x-x(r)|<^ V Vr 



x(t) I e(u) 



<C^±<Cet. 



Combining the estimates, we get, in view of (|4.45p . 

- \x(t) - r£ei\ E(uo,u{) <Ce + -|* t (0)|, 
r r 

and (|4.4ip follows, using that by dominated convergence, 



lim -|* T (0)| = 0. 

— >+oo T 



Step 3. In this step we show 
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(4.47) lim }- I [ (d t u + £d Xl u) 2 dx dt = 0. 

T^oo T J J 

Let R > be a parameter and define 

(4.48) Z R (t) = (£ 2 -l)J(x- Ue x ) ■ Vud t u tp 

+ ^—(£ 2 -l) J udtuipl - / (aji-^j-a^u^u^f ^— ^ 

where <p € Cg°, y>(a;) = 1 for |x| < 3, tp(x) = for \x\ > 4. From ([2T361) . (123TD and (f2~38|) in 
Claim (27TTJ and using that JVudfU = —lE(uQ,u\)e\, we get 



(4.49) 



z' R {t)- J(d t u + m Xl u) 



< C / r(u). 



Let e > 0. As in the preceding step, choose 5 £ such that (I4.42|) holds. In view of steps 1 and 2, 
and the continuity of A and x, there exists to = ^o( e ) ^ 1 such that for T > to, 

(4.50) sup X(t)<e5 £ T, sup \x(t) - t£e x \ < eT. 

te[o,T] te[o,T] 

Take 

T>t (e), R = eT. 

Then 

\x — t£e\\ ^ \x — x(t)\ \t£ei — x(t)\ ^ ^ 5 £ \x — x(t)\ 



R ~ eT eT X(t) 

In particular l a ~j^ ei l > 3 =^ l^z^M > JL ; anc j thus 



(4.51) / r(u) < e. 

J\x-Uei\>3R 

Integrating (j4.49p between t = and t = T, we get, ior T > to, R = eT, 

J (d t u + £d Xl u) 2 dxdt < i(|Z fl (T)| + |Zfl(0)|) + (7e. 
Using that |Z fl (t)| < C-R for all t, we get the bound |Zr(0)| + |Z fl (T)| <CTe, hence 

lim sup — / / (Sfit + £d Xl u) 2 dx dt < Ce, 

which gives (|4.47p . 

Step 4- End of the proof. As in |DKM09[ Proof of Corollary 5.3], we deduce from Step 3 that 
there exists a sequence {t n } such that t n — > +00 and 

N—2 ■ -1 

lim X(t n )~ u(t n ,X(t n )x + x(t n )) = U in H 
lim X(t n )^d t u (t n , X(t n )x + x(t n )) = Ui in L , 

n— >oo 

where the solution U with initial condition (Uq,U\) satisfies, for some small tq E (0,T + (U)), 

d t U + £d Xl U = for t € [0,r ]. 
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As in the proof of Lemma I4.9| we deduce from Lemma 12.61 that £ 2 < 1 and {Uq,U\) = 
±(W^(0), dtWg(0) up to space rotation, space translation and scaling. □ 

4.4. End of the proof. Let u be as in Theorem [5J By a standard argument, we can assume 
that the parameters X{t) and x(t) defining K as in (|1 .8f) are, for < d~o (<5o given by Lemma 

14. 3D . the modulation parameters given by Lemma 14.31 an d that x(t) and X(t) are continuous 
functions of t. 

By Lemma f4. 101 applied to u and t 1-> u(—t), there exist sequences t n — > +oo, t' n — > — oo such 
that 

(4.52) lim \d e (t n )\ + \d e (t' n )\ = 0, 

where di is defined by (|4,2p . We start by rescaling the solution between t' n and t n . Let 

A n = max X(t). 

te[t' n ,t n ] 

Let T n = tj ^, and for r G [0, T n ], y G R^, define u n (r, y) by 

\ 2 \ A n / 

An 

Then 
(4.53) 

/ iV-2 AT \ 

Vr€[0,r n ], ((a*ti(t)) 2 u n (r,/i„,(r)y + y„(r)) , (/U„(r)) 2 5 r u„ (r, /u n (r)y + y n (r))J G K 

where by definition, for r G [0, T^], 

A(A n r + 4) x (A n r + t'J - g (Q 
Mr) = t , y n (r) = . 

An A n 

Indeed, f|4.53f) follows from 

Af-2 

w .n-2 . w . ... (X(t)\ 2 ft-t' X(t)x + x(t) - x(t' ) 

\ A n / \ A n A n 

and the analoguous equality for the time derivative of u. Note that by the choice of u n , 

y n (0) = and Vr G [0, T n ], < Mn (r) < 1. 

Define 

^n(r) = j/„(r) - lre\, 
d n (r) = d e (X ri T + 4) = y |Vu„(r)| 2 + J (d t u n ( T )) 2 - J | W,(0)| 2 - J |a £ w^(o)| 2 . 
We claim: 

Lemma 4.11 (Parameter control). There exists a constant C > such that for all n, if < 
a < t < T n , then 

(a) If \t — o~\ < 2/i n (r), i/ien 

J_ < /^n(r) 



<C, |y n (r)-F n (a)| <C7/i n (r) 
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(b) If \t — a\ > /%(r), then 

iMn(^) - li n (r)\ + \Y n (a) - Y n (r)\ <C f \d n {s)\ds. 

J a 

Lemma 4.12 (Virial-type estimate). For all n, 

^ \d n {s)\ds<c(l+ max \Y n (r)\ ) (\d n (0)\ + \d n (T n )\) + C\Y n (T n )\. 

V re[0,T n ] J 

Lemma 4.13 (Large time control of the space translation). Let e > 0. Then there exists a 
constant C e > such that for all n, 

\Y n (T n )\ < e [ " \d n (r)\ dr + C £ ( 1 + max \Y n (r)\) ( \d n (T n )\ + \d n 

Proof of Theorem \^ Let us prove Theorem [2] assuming Lemmas I4.11j 14.121 and 14.131 We will 
use that by the choice of the sequences {t n } and {t' n } n , 

(4.54) lim (K(0)| + \d n (T n )\) = 0. 
Combining Lemma 14.121 and 14.131 (with a small e) , we get 

(4.55) f T " \d n (s)\ds<c(l+ max \Y n (r)\] (\d n (0)\ + \d n (T n )\) . 

Jo V t6[0,T„] J 

Step 1. Uniform bound on the modulation parameters. We first show that there exists a constant 
C > such that for all n, 

max \Y n (r)\ < C, min /U n (r) > \-. 

re[0,T»]' re[0,T n ] C 

By continuity of Y n , there exist 9 n G [0, T n ] such that = max r6 [ 0j T n ] |^n( T )|- If ®n < 

/x n (0), then by (jaj) in Lemma f4. Ill 

|^n(0n)| = |^(0n) " ^(0)| < C/i n (0) < C. 

If # n > fi n (0) then combining ()4.55|) with Lemma 14.111 (jb]), we get 

\Y n (6 n )\ = \Y n (6 n ) - Y n (0)\ < C / \d n {s)\ds < C{1 + \Y n {0 n )\) (K(0)| + \d n {T n )\) , 



and the boundedness of follows from (|4.54j) . 

Similarly, let 0' n ,O'^ G [0,T n ] be such that 

Hn{0' n ) = min , t*n(r), /i n (0 = max ^ n (r) = 1. 

re[0,T n ] re[0,T n ] 

Then if \0' n — < /i(^) = 1 we get immediately by Lemma 14.111 (jaj) that n(0' n ) > -j. On the 
other hand, if \0' n — 6'^\ > 1, we obtain, combining (|4.55j) with Lemma 14.111 (jbj) and the uniform 
boundedness of Y n , 

\^n(0' n )-l\ <C(\d n (0)\ + \d n (T n )\), 
and the fact that [i n (9' n ) is bounded from below by a positive constant follows again from (|4.54p . 

Step 2. End of the proof. From Step 1 and (14.55P , 

t-T n 

(4.56) / \d n (s)\ds <C(\d n {0)\ + \d n {T n )\). 
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To conclude the proof, we will show that 
(4.57) 

This would imply that 



lim max |d n (r)| = 0. 

n->oo T e[0,T n ] 



dt(Q) = d n 



■ 'i i 



0. 



and thus that <^(0) = 0, and Theorem [2] would follow from the first point of Claim I4~2l 

To show (|4.57|) . we argue by contradiction. By the continuity of the flow of (jl.ip in H 1 x L 2 , 
d n (r) is a continuous function of r. If (|4.57|) does not hold, there exists £o £ [0, 5^/2] and, for 
large n, r n S [0, T n ] such that 

(4.58) r G [0,r n ) \d n (r)\ < e , and \d n (r n )\ = e . 

Recall the modulation parameter a defined in Lemma 14.31 Let 

q„(t) = a(\ n T + t' n ) 

be the corresponding parameter for the solution u n . Using the modulation estimate of Lemma 
14.31 and Step 1, we get 

Vr€[0,r n ], \a' n (T)\<C^^j-<C\d n (r)\. 
Integrating between and r n , we get 

rr n r-T n 

\a n (0) - a n (r n )\ < C / \d n (r)\ dr < C \d n (r)\ dr < C (|d n (0)| + \d n (T n )\) . 
Jo Jo 

By (031, 

lim |a n (0) - a n (r n )| = 0, 

n— >oo 

contradicting (j4.58p since by Lemma [431 |ar,(r)| |d n (r)|, and d n (0) — > as n — > oo. The proof 
of (|4.57p is complete, concluding the proof of Theorem [2j □ 

It remains to show Lemmas 14.111 14.12[ 14.131 

Proof of Lemma \4-13\ Fix e > 0, and let 

(4.59) 

for some C F > to be chosen. Let 



Rn = C E 1 + max \Y n {r) 

re[0,T n ] 



(4.60) 



^ n (r) = * R n ,U n (T),d T U n (T),T 



(y - Tlei)e(u n )(T) ip 



y — riei 



where the smooth function ip satisfies (f(x) = 1 if \x\ < 1 and (p(x) = if \x\ > 2. 
Step 1. Let v be any solution of (jl.ip such that 

E(uo,ui) = ^(W^(0),a t W^(0) and J Vv Q v x = f VW e (0) d t Wi(0). 

To simplify notations, denote do = dt, and dj = d Xj if j = 1 ■ • • N. Then, fixing R > 0, we have 

d 



(4.61) 



R,u(t),d t v(t),t =A R,v(t),dtv(t),t 
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where A[R, v(t),dtv(t),t\ is of the form 
(4.62) 



A 



R,v(t),d t v(t),t 



^2 / divdjv^i 

0<i,j<N J 



x — tie\ 
R 



0<i<Af 



dx+ ^2 / I — rvdjVip 



x — tte\ 
R 



dx, 



and the smooth functions ifiij and ifij are supported in |x| > 1. The equality (I4.6ip follows from 
explicit computation and (|2.39p in Claim [2". Hi 



Step 2. We fix R > 0, A > and X e R N . Then 



R, 



1 



A— 

is independent of r. Indeed 
A^~ 



W e [- 



t y-X\ 1 



A' A 



—dtW e -, 



r y-X 
A' A 



A" 



-w^We [ 0, 
A^~ 



r y-X 



A' A 



. T 



y-X- r£ei\ 



A 



and the statement follows from the definition of For example, the gradient term in the 
definition of gives: 



1 



2A N 



(y - riei) 



VW f 



y-X- rle x 
A 



y - rie] 
R 



2A N 



VW f 



z-X 
A 



R 



which is independent of r. 

Combining this with Step 1, we get 



VR > 0, VA > 0, VX g R N , Vr, A 



R 



' JV-2 

A~^~ 



A' A 



At 



r y-X 
A' A 



As a consequence, replacing X byX — rle\ in the preceding equality, we get by the definition of 



(4.63) Vi? > 0, VA > 0, VX G R N , Vr 



.4 



1 



R, — ^ ( 0, 
A^r- 



y-X\ 1 



A / ' * — 

/ A 2 



-^rd T W e 0, 



y -x 

A 



0. 



Step 3. Bounds on Vl/ n (0) and ^f n {T n ). In this step we show that if C £ is chosen large, then for 
large n, 



(4.64) 
(4.65) 



|*n(0)| < CR n \d n (0)\ 
\y n (Tn) -Y n {T n )E{u^ Ul )\ < CR n \d n {T n )\+e\Y n {T n ) 
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Fix r E {0,T n }. Then if n is large, |d n (r)| < 5q. By Lemma 14.31 one can write (for some sign 
(4.66) 



±Un(r,y) 

(4.67) 

±d t u n (T,y) 

where 
(4.68) 



Vn{T) 2 



We(0, 



y - y w (r) - He x ) 
Mn(-r) 



1 

H JV-2 £ '» 1 T l 

Mn(r) 2 



■5tWi 0, 



y-y„(r)-r^i\ 1 



A*t»(t) / 



+ 



/^n.(r) 



-£l,n * 



2 



y - y n (r) - rlei 
/^n(r) 

y- y n (r)-r^ 



£n(r)|U + |ki,„(r)|| i2 < C|d n (r)|. 



Expanding the expression (|4.6U|) of ^ n (r), we get by (|4.68|) . the facts that \y — rie\\ < R n on 
the domain of integration and that by the definition of R n , \Y n (r)\ < R n , 



(4.69) 



/; 2 



y-y„(r)-T^A 1 



/in 



<W ( 0, 



y - y n (r) - rlei 



. r 



< C {Rn\d n (r)\ + Rn\dn{T)\ 2 ) . 

Recall that Y n (0) = 0. By the definition of ^ n and the parity of We we obtain 



R 



n ' iV-2 
Mn(0) 2 



wWo, 



Mn(o)y '/x n (o)^ 

Hence (|4.64[) follows. To show (|4.65p . we must estimate 
(4.70) 

y-Y n {T n )- T n le\ 



dtW e 



A«n(0) 



Hn{T n ) 



N-2 
2 



d t W e 0, 



y - Y n (T n ) - T, 



= J( z + Y n (T n ))el-4^Wt(o, £\) 

\ /-In / 

Y n (T n )E(u ,u 1 )+Y n (T n ) f e (-EL 



^ + yn(r n ) 



+ 



-We 



/'•7 



z + y n (T n ) 



z + y n (T n ) 



dz 



T 

i - 1 n 



Rn 



Rn 

Z 

Rn 



1 dz 



dz, 



where in the last line we have used that by the parity of We, 



z 

Rn 



Y n (T n )E(u , Ul ) + (/) + (//), 



dz = 0. 
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By the definition of R n (taking C £ > 2), \z + Y n (T n )\ > R n ^\z\> R n /2 > C e /2. Chosing C £ 
large so that for a large constant C > 0, 

(4.71) f r(W e )(0,x)dx<^, 

J\x\>C E ^ 

(where r is defined in (|4.1ip ). we get (using that fj, n (T n ) < 1) that the term (I) in (|4.70j) satisfies: 

\(I)\<e\Y n (T n )\. 
By the mean value theorem, there exists c G [0, 1] such that 

'z + cY n {T n )' 



and we get, again by ()4.71|) . 

|(//)| < e\Y n (T n )\, 

which concludes the proof of (I4,65|) . 

Step 4- Bound on the derivative of^ n . We show that for an appropriate choice of C £ , 
(4.72) VrG[0,T n ], |<(r)| < e\d n (r)\. 

First assume |d n (r)| > 5q. Then by the compactness of K and the fact that \x n < 1, we get, if 
C £ is large, 

/ r(u n ) < ^. 

J\y-Tiei\>Rn ° 

Indeed, 



|y - r£ei| > # n |y - y n (r)| > — > — — — > — 

2 2 (J>n[T) 2 



The bound (|4.72p follows, in this case, by the expression of the derivative of ^ obtained in Step 
1. 

We next assume |dn(r)| < 8q. Write u n as in (|4.66p . (|4.67p . Expanding the expression (|4.62D 
of A(Rn, u, dfU, t), we must bound, in view of (|4.63[) . the following terms 

(4.73) 

y - y„(r) - rle{ 



I 4 

J\y-HSx\>Rn. 



N \i |Ve n | 2 + |ei, n | 2 ( r, 



(4.74) f 4( |V,„|= + ( r, '- y -';'- rft ) *. 
One can choose C £ large so that (for a large constant C > 0), 

(4.75) f |Ve n (r)| 2 + |ei, n (r)| 2 + |V r ,^(0)| 2 ^<^. 

J\v\>CJ2 t> 



dy 



'M>C e /2 

Indeed the set of all (e n (r), ei )n (r)) where n G N and r G [0,T n ] stays in a compact subset of 
H 1 x L 2 as can be deduced from (14331) . (EL"66j) and (jlUTD . 

Using again that \y-r£ei\ > R n => |y ~^ (r)l >^,we bound the terms (|4"7f3"j) and (H~T4"1) by 
£|dn(7")| by Cauchy-Schwarz inequality, the bound (|4.68p on (e n ,ei jn ) and g25}. Hence (g72D 
follows. 
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Step 5. End of the proof. By Step 4, 

|*n(T„) - *„(0)| < e / \d n (r)\dr. 

Jo 

Combining with Step 3, we get 
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\Y n (T n )\E(u , Ul ) < CRn (K(0)| + \dn(T n )\) + e|y„(T n )| + e / |d n (r)| dr. 

J o 

Using that e is small and that E{uq,u\) = E(Wg(Q), dtWg(0)) > we get, by the definition of 
Rni 

\Y n (T n )\ E(U0 ' Ul) <C £ (l+ max \Y n (r)\) (\d n (0)\ + \d n (T n )\) + e T" \d n (r)\ dr, 

2 V rG[0,T n ] J J 



which concludes the proof of Lemma 14.131 



□ 



Proof of Lemma \-j-12\ The proof is very close to the one of Lemma 14.131 an d is also a variant 
of the proof of Lemma 3.8 of [DM08], and we only sketch it. We divide it in the same 5 steps 
as the proof of 14.131 Let 



Rn = C 1 + max \Y n (r) 
where the large constant Co > is to be specified later. Define 

$ n (r) = $ R n ,u n (T),d T u n (T),T 

iAT^fl ^\X7 9 f y-ri^A , , (JV-2)(jV-l) f ( y-Tie x , 
= [N-2) I {y-T£ei)Vu n d T u n ip [ ) dy-\ / u n d T u n <p ( ) dy. 



f? I 9 I it i it r 1 p 

Step 1. By explicit computation (see (|2.36p and (|2.38p in Claim [2TTT]) , for any solution v of (jl.ip 
such that E(v ,vi) = E(W £ (0),d t W e (0)) and J'Vv v 1 = J VW^(O) d t We(0) and for any R, 



(4.76) R,v(t),d t v(t),t 
dt 



\Vv\ z + (d t v) 



|VWi(0)| ! 



d t W e (0)\ 2 + B R,v(t),dtv(t),t 



where B is of the same type (|4.62|) as the A of the proof of Lemma 14.131 

Step 2. As in step 2 of the proof of Lemma 14.131 we notice that for any R > 0, A > 0, X 6 R , 



and deduce that 



S 



i? 



A— 



1 

5 , JV-2 



A' A 



wwo 



A 



Air 



1 



A' A 



o 



0. 



Step 3. Bound on <l?n(0) and <& n (T n ). We show 

(4.77) |$ n (o)| < ci^K (o)|, |$„(r n )| < CRn\d n (T n )\ + C7|y n (r n ) 
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Let r e {0,T n }. For large n, \d n (r)\ < 6 . By ([TOD . (IOTP and (IOTD . 



(4.78) 



(y - Tiei)Vu n d T u n (f 
y — rlei 



/' 



iV 



-VW> 



y - rlei - Y»(r) 

fin 



d T W e 0, 



y - Tie\ - Y n (r) 



y — rie\ 



dy 



<CR n \d n (r)\. 

By the change of variable z = y — rie\ —Y n (r), we write the term in the second line of (|4,78p as 

'z + Y n { T y 



/' 



A' 



VWf 



fin 



d T w e [o, — ]<p 

fin 



Rr, 



dz 



+ 



YJj), 
Un 1 



fin 



VW e 0, — d T W e 0, — )<p 



z + Y n (r) 

Rn 



dz = {I) + {II). 



Clearly \{II)\ < |Y^(t)| (in particular (77) = if r = 0). Furthermore, using the parity of We 
the mean value theorem, and the bound |Y^(t)| < 7? n , we obtain 



I GO I 



< 





( fz + Y n (r 


■-) 

f^n J 


A Rn 


Y n (r) 


[ 4 


Rn 


J\z\<4:R n fin 



V ( -fi- ] ] dz 



Vt, x W t 



fin 



dz < C\Y n {r)\, 



which yields the estimates (|4.77j) (recalling again that Y n (0) = 0). 

Step 4- Bound on <&^(r). Let us show that if Co in the definition of R n is large, 

1, 



Vr G [0,T n ], |$' n (r) -d»(r)| < ^K(r)|. 



(4.79) 

It is sufficient to show 
(4.80) 

Let t £ [0,T n ]. First assume that |d n (r)| > 5q. Then by definition of B 



VTG[0,r„], B R n , u n (t) , d T u n (t) , t < -\d n (r)\. 



B 



R n ,U n (T),d T U n (T),T 

< 



\Vt,xU n (r,y)\ < 



\y-TeSi-Y n (T)\>^-u n ( T ) 



|V t , x u n (r, 



'\y-T£ei\>R„ 

where we used the inequalities fi n (r) < 1, |Y^(t)| < ^f- and Co < R n - From (|4.53p and the 
compactness of K, we get that for Cq large, 



B 



R n ,U n (T),d T U n (T),T 



< 5o < K(t)| 
- 4 - 4 



We next treat the case |rf n (r)| < S . By $M§ , (|Q7]) . and Step 2, we get that 

LB [i? n , u n , d T u n , r] is bounded (up to a multiplicative constant) by (|4.73p and (|4.74|) . and 
the same argument as in Step 4 of the proof of Lemma 14.131 gives (|4.80p if the constant Co in 
the definition of R n is large enough. 
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Step 5. End of the proof. By Step 3 and 4, 

\d n (r)\dr < CR n (K(0)| + \d n (T n )\) + C\Y n (T n )\, 

Jo 

which concludes the proof of Lemma 14.121 in view of the definition of R n . □ 

Sketch of the proof of Lemma \^TJ ■ The proof is very close to the proof of Lemma 3.10 in 
[DM08] . 

We first notice that the point (jaj) follows from (|4.53j) and the compactness of K (see Step 1 
of the proof of |DM08l Lemma 3.10]). 

We next show that there exists S\ > such that 

Vn, VrG [0,T n ], V6,ae [r - 2/^(t),t + 2/i n (r)] n [0,T n ], \d n (9)\ > S => \d n (a)\ > S v 

If not, there exists a sequence rik of indexes (which might be stationary), and for each k, 
r k G [0,T n J, 0k,o- k G [r k - 2fj, nk (T k ),T k + 2(j, nk (T k )] n [0, T n J such that 

(4.81) \dn h (p k )\>6o, \d nk (a k )\<± 

After extraction of a subsequence, we can find (Uq, U\) G K such that in H 1 x L 2 , 

( JV-2 JV \ 

Vn k ((Tk)~u nk (a k , fj, nk ((T k )y + y nk {a k )) , \i nk {a k )~^ d T u nk (a k , \x nk (a k ) y + y nk (a k ) ) 

= (U ,Ux). 

By (|4.8ip and Claim 1431 (^o,^i) = (±W*(°)> ±d t Wi(0)) up to scaling, space translation and 
rotation. Furthermore 



a k -a k 

V k = crfc H / — -^ nk {a k ). 

As dk ~, ak < is bounded by (jaj) we get by continuity of the flow 



lim \d nk {6 k )\=Q, 

k— ¥QO 



a contradiction with (|4.8ip . 

We next prove fbj) if /i n ( r ) < |t — <r| < 2^ n (r). We distinguish two cases. If for all in [r, a], 
\d n (6)\ < So, then (jbj) follows from the modulation estimate (|4.4p . On the other hand, if there 
exists 9' G [r, cr] such that \d n {0')\ > So, then for all G [r,cr], |d n (0)| > <5i. By (jaj), 



|Y„(t) - Y n (a)\ < Cyjr) < C < £ £ d n (s)ds 



and 



|// n (r) - ^n(cr)| 



1 



C /' cr 

Mti(t) <C<—J d n (s)ds. 



Mn(r) 

The proof of the general case for (jb|) then follows by subdividing the interval. □ 



52 T. DUYCKAERTS, C. KENIG, AND F. MERLE 

4.5. Bound of Strichartz norms below the threshold. As a consequence of Theorem [21 
we get the following: 

Corollary 4.14. Let M such that < M < J\VW\ 2 . Then there exists a constant Cm > 
such that for any solution u of (jl.ip defined on an interval I , 

N — 2 

sup \\Vu(t)f L2 + — — \\d t u(t)\\ 2 L2 < M =^> \\u\\ s{1) < C M - 
tei * 

Furthermore, for all e > 0, there exists a constant Cm,s > such that for any radial solution u 
of defined on an interval I, 

sup||V«(i)||| 2 +e\\d t u(t)\\l 2 < M => \\u\\ s{1) < C M>£ . 
tei 

Remark 4.15. In the lemma, / does not have to be the maximal interval of existence I ma x of u. 
The case / — / max under stronger hypothesis (see Remark 1 1 . 6 p is the object of |KM08"1 Corollary 
7.3]. Corollary 14. 141 is a generalization of this result. 

Remark 4.16. Corollary 11.51 immediately follows from Corollary 14.141 and the blow-up criterion 
(|2.6p . Note that in the radial case, (jl . 13j> implies by conservation of the energy that ||(9t'u(i)||^2 
remains bounded as t — > T + , and thus (using again (j 1 . 1 3 1) ) , that there exists e > such that 

limsup||Vu(t)||£ 2 +e\\d t u{t)\\l 2 < \\VW\\ 2 L2 , 

i-5>T + (u) 

which shows that the second part of Corollary 14. 141 applies. 

Sketch of proof. Step 1. Contradiction argument. We follow the scheme of the proof of |KM08j . 
For M > 0, denote by (Vm) the property of the corollary. By the small data well-posedness 
theory, (Pm) holds for small positive M. Let Mq = sup{M > : (Vm) holds} . Because of the 
solution W, M c < J \VW\ 2 . We must show that M c = J \VW\ 2 . 
We argue by contradiction, assuming 



(4.82) M c < J \VW\' 



Let {u n } be a sequence of solutions to (jl.ip . {I n }n a sequence of intervals such that u n is defined 
on I n and 

sup ||V« n (t)||^ 2 + N n 2 \\d t u n (t)\\ 2 L2 < M c + -, lim ||n n || 5(/ ) = +oo. 
teln 2 n n ^+°° 

Taking a smaller I n if necessary, rescaling and translating in time we can assume that I n is a 
finite length interval (a n ,b n ) with [a n ,6 n ] C Imea{u n ), a n < < b n and 

(4.83) sup \\Vu n (t)\\ 2 L2 + ^^\\d t u n (t)\\ 2 L2 <M c + -, 

te[a n ,b n ] 1 n 

( 4 -84) lim hn\\s((a n ,o)) = Ihn |K|| 5(( o i6n )) = +oo. 

Step 2. Existence of a critical element. In this step we show that for any sequence {u n } n 
satisfying (]4.83p and (I4.84p . there exists a subsequence of {u n } n , parameters A n > and x n G 
R^, and (v ,vi) £ H 1 x L? such that, in H 1 x L 2 , 

lim I A„, 2 u n (0, \ n x + x n ) , Xn d t u n (0, X n x + x n )\ = (v ,Vi). 
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r.3 



Consider a profile decomposition < U[ > , {\j, n \ %j,n\ tj,n}j n for the sequence (u n (0), dtu n (0)). 

Let {U J }j>\ be the corresponding nonlinear profiles. 

At least one of the profiles is nonzero: otherwise this would contradict the fact that HitnHs^&n) 
tends to infinity. We must show that there is only one nonzero profile. If not, we may assume, 
reordering the profiles, that for a small £q, 



A 



,)■» 



+ 



L 2 



d t Ul 



>10e , 3 = 1,2. 



L 2 



By the small data theory, we get that for j = 1, 2 and t in the domain of definition of U 3 , 



(4.85) 



\VU j (t)\ 



L 2 



+ 



N-2 



\8 t W (t)\\l 2 >2e . 



Let Co be a large constant to be specified later, depending only on eq and Cm c - £o . For n large, 
chose T n £ (0, b n ) such that 



(4.86) 



\Un\\s(0,T n ) = C . 



Using (|4.86p . one can show with Proposition 12.31 that for all j such that T + ([P) < oo, for all 
large n, T n < T + (U :1 )Xj )n + tj )Tl . Taking into account that there is a finite number of such j, we 
have that for all large n: 

(4.87) T n < inf (T + {W)X j>n + t jjU ) . 

(with the convention that the righthand side is infinite if T + {U :) ) = +oo). Define 



S n = sup 

3 



n 


U j ( 







A 



A 



■3,n 



2(iV+l) 

N ~ 2 dx dt 



3,n 



By (|4.86p and Proposition 12.31 the sequence {S n } n is bounded. We will show 



(4.88) 



limsup5 n < Cm, 

n— >oo 



C— eo> 



where the constant CM c -e 1S given by the property (VM c -e )- Indeed using (I4.86p . Proposition 
2.31 and the orthogonality of the parameters {A Jjn ; xjy, tj jn }, we get that any sequence of times 
{o"n}n such that < a n < T n satisfies the following Pythagorean expansion: 



lim \\Vu n (a n )\\ L 2 + 



. N ~ 2 \\fi t mi2 
- — \\d t u n (a n )\\ L 2 



E 



s 3,n 



2 

L- 



N- 2 



E 



d t U j 



A 



3,n 



L 2 



J, Ml 2 N ~ 2 \\a J / M|2 



L 2 



Combining with ()4.83p and ()4.85p . we get that the bound 

2 



Vj, sup 

te[o,T n ] 



VW 



t-t 



:)■" 



\j,n 



+ 



N-2 



L 2 



9tW 



t - 1 



J-ll 



Aj,n 



< M c - e 



L 2 



holds for large n. Thus (|4.88p follows from (Vm c - 



£0 i 



0. 
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By the argument in the proof of Lemma 4.9 in |KM06j . using again the orthogonality of the 
parameters, we can show that (|4.83p and (|4.88p imply that there exists a constant Ci, depending 
only on eq, Mq and Cm c -€ such that 

limsup || it n 1 1 s(o,T„) < Ci- 

Chosing the constant Co in (|4.86p strictly greater than C\ yields a contradiction, which shows 
that there is only one nonzero profile, say U\, in the profile decomposition of (u n (0), dtu n (0)). 
Similarly, we can show that the dispersive part (wQ n ,w\ n ) tends to in H l xL 2 , It remains to 
show that — ti jn /\i. n is bounded, which follows from the conditions ||wn||s , (o,fe„) ~~ * +°° (which 
implies that — ti ;n /Xx >n is bounded from above) and ||wn||s(a„,o) — ^ +°° (which implies that it is 
bounded from below). 

Step 3. Compactness of the critical element and end of the proof. Let v be the solution to 
(jl.ip with initial condition {vq,v\) and (T_(u), T + {v )) its maximal interval of existence. Then v 
inherits the following properties from u n : 

N — 2 

(4.89) sup ||V^)||| 2 + —-\\dtv(t)\\h < M C 

T-(v)<t<T+(v) z 

( 4 -90) ||u||s(r_(«),o) = \Ms(o,t+(v)) = +oo. 

Indeed, if t £ (T_(v),T+(v)), (|4.84j) shows that for large n, \ n t G (a n ,b n ). Using that by 
perturbation theory, 

An u n (X n t, \ n x + x n ), A n 2 d t u n (X n t, A„x + x n ) I — > (v(t),d t v(t)) in H 1 x L 2 , 



we get that (|4.89p follows from (gl 



If (|4.90p does not hold, say |H|,s(o,t + 0)) < °°i then T + (v) = +oo, and for large n, T + {u n ) = 
+oo, and ||«n||s(o,+oo) < 2||u|| S ( 0)+oo ) < +oo, contradicting <|4.84j) . 

Let us show that v is compact up to modulation. By a standard lifting argument, it is sufficient 
to show that for any sequence {t n } n , t n G I mSb x(v), there exist sequences {A n } n and {x n } n and a 

subsequence of j ^ ^-i v (t n , ^f-^j , -\-d t v (t n , J | that converges in H 1 x I?. By (|4.89p 

and (14.901) . the sequences of solutions {u n } with initial data (v(t n ),dtv(t n )) satisfies (j4.83j) and 
(|4.84p for a suitable choice of a n and b n . By Step 2, we get the desired result. 

By Claim 12.51 and Theorem O the only solution compact up to modulation satisfying (]4.89p 
with Mc < f | VVl^l 2 is 0, which concludes the proof. 

In the radial case, the proof above works as well, replacing all constants by e, and 

Theorem [2] by [DKM091 Theorem 2] which states that the only radial solutions of (jl.ip that are 
compact up to modulations are (up to scaling and sign change) and W. □ 

Appendix A. Modulation theory 

In this appendix we show Claim 14.21 and Lemma 14.31 Consider a solution u of (jl.ip which 
satisfies dlTTl) . 

If x = (x±, . . . , xn) G , denote by x = (x2, ■ ■ ■ , xn) G t^ -1 . Let 

u(t) = u (t,Vl-£ 2 xi, x) , ui{t) = (d t u) (t,Vl-£ 2 xi, + (id xi u) (t, y/l -^ 2 xi,x) . 
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By Claim 1231 we get, in view of (|4.ip . 

(A.l) £(u (i),ui(t)) = E(W,0), d t {t) = ^1-P (J \Vu{t)? + J («i(<)) 5 
where g?£ is denned by (|4.2j> . Thus if d^(0) = 0, we get 
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IVWI 



y |u(0)|^ = J \W\^, J |Vu(0)| 2 = J \VW\ 2 - j 



and the fact that W is a minimizer for the Sobolev inequality shows, as usual, that there exist 
xq, Xq and a sign ± such that 

1 



«(0) 



±- 



x 2 



X — Xq 
An 



ui(0) = 0. 



Coming back to the solution u, we get 



1 



Uq 



N-2 
An 2 



w e [o, 



X — Xq 



A, 



o 



Ml = 



Thus 



X 2 

A o 



X 2 



t X — Xq 



X — Xq 



A 







Ar 



which shows the first point of Claim I4T21 The two other points follow by continuity of de(t) with 
respect to t and the intermediate value theorem. 

Let us show Lemma B~3l Assume that for a small 5q, \de(t)\ < 5q. Then by (jA.lj) . f |Vu(t)| 2 

2N 2N 

close to / |VW| 2 , / \u(t)\ N ~ 2 is close to JlW^I^ -2 and J|'Si(i)| 2 is small. In particular, by 



is 



the characterization of W ( [Aub76^ITal76] ). u is close to W or — W after a space translation and 
a scaling. To fix ideas, we assume that u is close to W after space translation and scaling. As 
stated in [DM081 Claim 3.5], by a standard argument using the implicit function theorem (see 
[DM09} Claim 3.5] for a proof in a very similar case), one can show that there exists X(t), x(t) 
such that 



X(t) — u(t,X(t)x + x(t)) e id Xl W,...d XIf W,x-VW + 

where the orthogonality has to be understood in H 1 

1 



N 



-W 



a{t) 



f\VW\ 



Letting 

\(t)%Vu(t, X(t)x + x(t)) ■ VW(x) dx 



1. 



\(t)~u(t, X(t)x + x(t)) = (1 + a{t))W(x) + f(t, x). 



we obtain 

Furthermore: 
(A.2) 

By the proof of (3.19) in [ DM081 Lemma 3.7], we get the estimates 



f(t) 1 span \W,d Xl W,..., d XN W, x-VW + 



N 



-W 



(A.3) 



\a(t)\ 



V iaW + f 



L-' 



v/(t) T +\\Mt)\\ L ^\di(t)\. 



L- 
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In |DM08l (3.19)], (u(t),ui(t)) is replaced by a couple (u(t) , dtu(t)) , where u is a solution to 
(fLT|) such that 



E(u , Ul ) = E(W,0) and 



|V^)| 2 cte + / {d t u(t)) 2 dx 



\VW\ 2 dx 



< So- 



However, the fact that u is a solution is not used in the proof of estimates (|A.3|) . where the time 
variable is only a parameter. Indeed (|A.3|) follows from the fact that E(u(t),ui(t)) = E(W,Q), 
di(t) is small and f(t) satisfies the orthogonality conditions ()A.2j) . It remains to show the 
estimates (|4.4j) on the derivatives of the parameters. The proof is very similar to the one of 
(3.20) in |DM081 Lemma 3.7j3- We sketch it for the sake of completness. 



Write u(t, x) 

(A.4) 
By Q, 
(A.5) 

Furthermore 

ux{t) = d t u(t) + 
N — 2 X' 



\(ty 



N-i 



U t 



x—x(t) 



where 



U{t,x) = (l + a(t))W + f. 
\\ui(t)\\ L 2<C\d e (t)\. 



t 



-U t 



x — x(t) 
A 



d xi u(t) 



1 



+ -rrrdtU [ t, 

X 2 

1 



- —x'(t) -VU[t 

X 2 



x — x(t) 
A 

x — x(t) 



X' 



N+2 
X 2 



(x - x(t)) ■ VU [t 



x — x(t) 



X 



+ 



(' 



Vrr^x'i 



d xl u(t, 



X 

x — x{t) 
A 



By USD, 



(A.6) X~u\ (t, Xx + x(t)) = —A' 
'N - 2 



N — 2 \ t 

—-U + X-VU) + Xd t U - x'(t) ■ W + d xl U 



-A' 



where by definition 



W + x ■ VW + Xa'W - x(t) ■ VW 



- ; d xi w + XdJ + g, 



-A' 



A^-2 



+ x- V ) -x(t) • V + 



o 



■n 



aW + f). 



Notice that 
1 



1 + \x 



■9 



L' 1 



<C |A'| + 



x' 



VT 



=ei 









)(H + 


/ 









< C (\X'(t)\ + 



x 



t 



ei 



d/(t). 



in the cited paper, the function fi(t) is the analogue of our parameter 1/A(t) 
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Taking the scalar product of dOlt in L 2 with Ad Xl W,. . . ,A9x n W, A ((^ + x ■ V) W), AW 
and using that dtf is orthogonal in L 2 (WL N ) with all these functions, we obtain, in view of (1A.5|) . 



|A'(t)| + 



x'{t) 



vT 



+ A(t)|a'(t)| < Cd t (t) + C (\X'(t)\ + 



x'(t) 



I 



di(t). 



vT^2 

Assuming that dg(t) is small enough, which may be obtained by taking a smaller 6q, we obtain 



|A'(t)| + 



x'(t) 



ei 



+ X\a'{t)\ < Cdt(t), 



which yields estimates (14. 4p taking x{t) = ( sj\-fi Xl (^) > a ' 2 (^) > ' ' ' The proof of Lemma 

14.31 is complete. 
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